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^ ■ 1. Introduction and statement of the main results 



For every m-uplet of positive integers := (rii, . . . , rim), we consider the following 
domain : 



a 

>< '• (1.1) n^:=lz= (Zi, . . . , Z„) G C"^ X ■ ■ ■ X C"- : (l^^f + • < 1 

k 



where z • w := ^ ZjWj and \z\ := y/z for all elements z := {zi, . . . , Zk) and 
i=i 

w := {wi, . . . , Wk) of C^. 

The euclidean ball of radius ^ in C"^ and the minimal ball in C"^ correspond 
respectively to the cases ni = ■ ■ ■ = rim = 1 and m = 1. The domains Qn were 
introduced by the second author in |20] where he computed their Bergman and 
Szego kernels. We should point out that these domains are convex but they are 
neither strictly pseudoconvex nor piecewisely smooth except for the case of the 
euclidean balls. 
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Optimal estimates for the 9-equation were considered for the category of smooth 
domains by several authors. In pTj, Krantz obtained the optimal Lipschitz and 
estimates for smooth strongly pseudoconvex domains. Later in [1] , Chen, Krantz and 
Ma established that this kind of regularity holds for smooth complex ellipsoids. The 
general case of smooth convex domains of finite type was considered only recently in 
the works of Cumenge ([5],^), Diederich-Fischer-Fornaess Fischer |8] and Hefer 
|10j . The aim of the present paper is to study the optimal Lipschitz regularity for 
the 9-equation in the class of convex domains Qn- 

To state the main results, we fix some notations and suppose without loss of 
generality that ni < ■ ■ ■ < Um- Since the case of the euclidean balls is well-known, 
we shall assume that 7^ (1, . . . , 1) and let / denote the smallest nonnegative integer 

m 

such that ni+i > 1. We set |A^| := J2 '^i- 

i=i 

The Lipschitz spaces we use herein are the classical ones and those given for 
< a < 1, by 

I 0<|h|<i 

The first main result is the following. It generalizes our previous result [18]: 

Theorem 1.1. Suppose that N := {rii, . . . , n^) is as above and the domain is 
given by (l.l). Let 

a = a(Nv)-=l '^-'-^^^^ ./iV^(2,...,2)andp>2(|iV|+m-/ + l); 

^fN={2,...,2)andp>6m. 

Then for every d-closed {O,l)-form f with coefficients in LP{Qfyf), there exists a 
function u defined on Qn that satisfies du = f (in the distribution sense) and the 
estimate 

\u\\A^(nt,) < Cp\\f\\LP{nt,), ^fP < 00; 

|M||Aj(n^) < Cooll/IU-cn^v)) if p = 00. 

The following result asserts that the regularity in Theorem 1.1 is sharp. 

Theorem 1.2. Let N, fi^r, p, and a := a{N,p) be as in the statement of Theorem 
1.1. Then there exists a d-closed (O,l)-/orm / with coefficients in C°°(f27v) that 
satisfies 

feL'{QN), Vs<p, ifp<oo; 
and if u is a function satisfying du = /, then u ^ Ka+^iVL]^), Ve > 0. 



These results have been announced in [19] . 

Theorem 1.2 implies that if ^ (2, . . . , 2) and p < 2(| + m - / + 1) or if 
= (2, . . . , 2) and p < 6m, then we can not solve the 9-equation on fi^v under 
data with the Lipschitz regularity given above. 
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We observe that for = (2), the domain fi(2) is hnearly biholomorphic to the 
Reinhardt triangle {(-21,^2) ^ : \zi\ + \z2\ < 1}. The reduction of our Theorems 
1.1 and 1.2 to this case, compared with the resuhs obtained for domains of finite 
type ( [TT] , [S] , [S] , [Z] , [H] , [ID] ) , shows that domain f2(2) has the same gain of smoothness 
for the 9-equation as strictly pseudoconvex smooth domains in C^. Our results show 
also that there exist smooth domains of finite type for which the gain of smoothness 
for the 9-equation is worse than that of the singular domains Qn- 

The paper is organised as follows. 

In Section 2 we introduce the main tools and prove preliminary results. The 
objects used are a complex manifold Htv, its intersection Mat with the euclidean 
unit ball and a proper holomorphic mapping relating the (9-equation on Mat to 
that on f2jv We establish in this section Proposition 2.5 which gives an integral 
representation formula of Berndtsson type for the complex manifold Mat. From this 
result we derive in Section 3 a formula of Martinelli-Bochner type (Theorem 3.1) 
and two formulas of Cauchy type (Theorems 3.3 and 3.6) for the complex manifold 
Mat. These integral representations play a peculiar role in the construction of the 
^-solving operators on Mat and f^Af- 

In Section 4 we give appropriate local coordinates on the complex manifold Hat 
which permit us to prove Theorem 5.6 in Section 5. The latter result will be called 
Theorem of reduction of estimates since from broad outlines, it reduces certain 
integral estimates on Mat to analogous integrals, but simpler, which are taken on 
some balls of C'^L This result, combined with Section 6, allows us to establish 
integral estimates in Section 7. 

An operator solution Ti of the ^-equation on Mat is constructed in Section 8 
and related Lipschitz estimates are established there. The formula for Ti is explicit 
and contains an integral term taken over the boundary dM.N of Mat. In order to 
handle this term, we prove a sort of Stokes theorem in Section 9 which allows us 
to transform these integral estimates into analogous ones taken over Mat and then 
apply the Theorem of reduction of estimates. 

Theorem 1.1 is proved in Section 10. By means of the operator Ti and the proper 
holomorphic mapping F/v, we define an operator T, solution of the 9-equation on 
the domain and transfer the Lipschitz regularity for Ti to that of the operator 
T. Finally, we prove Theorem 1.2 by giving concrete examples to show the sharpness 
of the results of Theorem 1.1. Then we conclude the paper by some remarks and 
open questions. 

Throughout the paper, the letter C denotes a finite constant that is not necessarily 
the same at each occurence and that depends on and eventually other parameters. 



2. The complex manifolds and Mat. 

In this section we fix the notations and prove some preliminary results. For the 
simplicity of calculations we only consider, without loss of generality, the case of 
the domain ^Af with = (1, . . . , 1, n, m), where l,m,n are positive integers and 

I 
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n, m > 1. In this case we have | = / + n + m and can be written in the form 

:= {Z = (x, z, w) eC^ X C" X C" : 2\x\'^ + \z\^ + \z • z\ + \w\^ + \w • w\ < l} . 
Consider the complex manifold Hjv given by 

Hjv := = {x, z, w)eC^ X C"+^ \ {0} X C™+^ \ {0} : z • z = w w = O] . 

Let Bat be the euclidean open unit ball in C'^'^^ and dM^- its boundary. We set 
Mat := Htv H Mn and ^Mat := Mn H OMn- We first point out that Un and OMn are 
transverse while the variety {Z = {x, z, ly) G C' x C"^^ x C™^"^ :z»z = ww = 0} 
does not meet dMj^ transversally. Denote by dV,dVi,dVn and dVm the respective 
canonical measures on the complex manifolds H[Ar,C',EI„ and M.^- These measures 
are related by the following 

Proposition 2.1. For all compactly supported continuous functions f on Hat, we 
have 



[ f{Z)dViZ) = c[ [ 



f{x, z, w)dVi{x)dVn{z)dVmiw) 



Proof. Observe that 

/ I n+l m+1 \ '+"+"^ 

dV{Z) := C j dxp A dxp + dzj A dzj + dwk A cSZJfc 



vp=l j=l k=l 



In this formula the constant C is equal to Therefore, a direct 

computing shows that 



I \ ' /n+l \ " /m+1 



dV{Z) = C j dXp A rfxp j j A d^j j j rfty^ A rfio^ 

.P=l / \j=l / \A:=1 



This completes the proof. □ 

Let E:= {t= (ti,t2,t3) e]0,lp: + < 1} and := {t e]0,lp: t? + ti + ti = 

1} its boundary. Then the mapping F : E x ^B; x dMn x dM^ — Mat given by 
F(t, X, z,w) := tZ = {tix,t2Z,t3w), where t = (^1,^2,^3) and Z = {x,z,w), is a 
diffeomorphism. Moreover, it maps dF. x dMi x 9M„ x dWlm onto dM^- 

Let dan be the unique probability measure, SO{n + 1, ]R)-invariant on (9M„. Sim- 
ilarly, let dam be the unique probability measure, 5*0(772 + 1, ]R)-invariant on dWl^n- 
Finally, let dai be the surface measure on dMi. Combining Proposition 2.1 of [18] 
and Lemma 2.1 of [15], we obtain 



Corollary 2.2. For all compactly supported continuous functions f on HI„, we have 

+00 

/(z)rfK(^) = C [ t^-i / fitQdaniOdt. 
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There are obviously analogous integral formulas in polar coordinates with 
and in place of E[„. We now define a natural measure da on dWl^ by setting 
da := (F^) (dcj) A dai A dan A dam) , where dcp is the surface measure of the unit 
sphere dK. Using this, Corollary 2.2 and integration in polar coordinates, one can 
establish the following 

Lemma 2.3. For all compactly supported continuous functions f on M^, we have 

+ 00 

f{Z)dV{Z) = C{N) J t^l^l-i J f(tQ)da{Q)dt. 

In what follows we shall establish some integral formulas on Mat- To do so, we shall 
approximate M^r by appropriate regular varieties which are complete intersections. 
Then we apply to each of these varieties the results of Berndtsson in [1]. 

For < r < 1, let Vr be the domain of C'^'^^ defined by 

Vr := {Z = {x, z, w) G Biv : \z\ > r, \w\ > r} . 
Note that the boundary of Vr is piecewisely smooth. We put := Hjv H "D,.. Let 

s:={si,..., s\N\+2) : VrXVr-^ 
be a function that satisfies 

(2.1) \s{Q,Z)\<C\Q- Z\ and \s{e, Z) • {Q - Z)\ > C\Q - Z\^ 

uniformly for 6 G and for Z in any compact subset of "D,.. We shall use the same 
symbol s and set 

|Ar|+2 
s:= J2 

In the sequel, we shall use simultaneously the following notations for O G C'^'"*"^ : 
^ (Gi, . . . , 0|^|+2) = (e, C, r/) G C X C"+i X C'"+^ 

We next set 

(n+l \ /rn+l 

5^(0 + Zj)dQj A [YliVk + Wk)drjk 

For every e > 0, consider the differential form of bidegree (|A^|+2, |A^| + 1) 

^ ' [s{e,z)*{e-z)]W' 

where is the differential form of bidegree (1,0) given by 

C • C ( E?=i (Cj + Zj)dCj) + rfil] (Er=i^(^fe + uJk)dT]k) 
(2-3) a := ^ w-Vi/lTi • 

K»CI + \vv\ +(^ 

Denote by dQ the canonical holomorphic form of C'^'"^^ given by 

dQi A ... A dQ\N\+2 = d$,i A . . . A d^i A dCi A . . . A c?Cn+i A dr^i A . . . A drj^+i- 
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Lemma 2.4. Suppose that < r < 1. 
l)Ifue C^{Vr) and Z e M^, then 



u{Z) = C{N) lim I j uKl - j duA 

2) Ifue C{Vr), then 

lim f emivlMQ) dQAdQ = C(N) f u(Q)dV(e). 

3) If u E C^OMn) and u is the canonical volume form of dM^, then 

lim [ emivlM^) ^^Q. ^ ^.^x f ^(0)^^(9). 

Proof. Part 1) follows from formulas (23) and (26) in the proof of Theorem 1 in [Ij. 
Also, part 2) is an immediate consequence of identity (25) in [Ij. 

To prove part 3), we may assume without loss of generality that the support 
of u is contained in a sufficiently small open neig hborhood U C of a point 

Bo G SM^v. Using local coordinates and Lelong theory [H], we see that there exists 
a smooth (2|A^| — l)-volume form d^ defined on W fl dM.]\[ such that 



nDU dMNriU 



for all u e Co(U). Therefore, part 3) is equivalent to the identity dfi = Cda. 

Let -0 be a function of class C^([0,1]) supported in such that 

1 

J p^^^^~^il){p)dp = L Consider the extension of u given by 



u{pZ) := ^{p)u{Z), for < p < 1 and Z G OMn n U. 
On the one hand, using (2.4), we have that 



lim / ^^^^ A de = lim / / ^ ' " ^ . umdp 

dMi^nu 







(IC-CP + 







ep2|iV|+7|^|2|, 


jIMpQ) 




r] • r]\ 


Q ' 

P + e) 



^|2 + |?7 • - 



"^^^^ J (|^.^|2 + |^.^|2 + ,)3 ^ ^ / 
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On the other hand, by part 2) and Lemma 2.3, we see that 

r ^KI'I^I'^(Q) — jQ^^Q^dN) [ udv 

Biv Mat 
1 

= C{N) j p2|^l-V(p) j udadp = C{N) J uda, 
wnaMjv wnaM]v 

Thus dfi = C{N)da and thereby completes the proof. □ 

Next, set 



_ s A {dsy^^-^ A A die • C) A d{r] • 7]) 

\c\^\v\^[s{e,z)*{Q- z)]\^\ ■ 

In view of (2.2), (2.3) and the equahty which precedes Lemma 4 in [Ij, we see that 
Kg satisfies the identity 

(2.6) K: = -^^^ :.Ks. 

(iC-Cl' + l^-^P + e) 

For every 1 < A; < |A^| + 2, denote by uJk(Q) the (0, |A^| + l)-form 

(-l)^~^rfei A ... A dQk A ... A de\N\+2- 
We can write Kg in the form 

\N\+2 

(2.7) Ks=J2 hkie, z)uk{e) A de, 

k=l 

where are the component functions of Kg with respect to the forms a;i(9) A 
de, . . . ,a;|7v|+2(6) A dQ. 

Let Mat be the closure of Mjv in B^v and denote by ^^(Mjv), k e N, the space 

_ |A'|+2 _ 

of all functions defined in a neighborhood of M^v in Bat. If / := ^ fjdQj is a 

(0, l)-form with coefficients in C(Mjv), let /Imn denote the pull-back of / under the 
canonical injection of Mat in this neighborhood. Set 

|Af|+2 

(2.8) II/IIm,,^ := sup J2 

eeMjv ~l 

Let be the 5-operator on M^r. We end this section by the following 
Proposition 2.5. Consider a section s satisfying (2.1), a function u G C^(MAr) and 

\N\+2 _ _ 

a (0, l)-form f := fkdQk with coefficients in C(Mn) that satisfy Omm'^ = /|m]v 

k=l 



8 
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on Mjv- Let he the functions defined in (2.7). Then for Z e Mjv, 

I- \ /\N\+2 \ 

u{z) = c j u{Q) Yl ^khk{e,z) da{e)+c J Yl fk{Q)hk{e,z) dv{e). 

Proof. For every r g]0, 1[ such that Z G M,., consider a extension of u\mn (which 
is also denoted by u) on Vr that satisfies du = f on M^. Suppose without loss of 
generality that f — du on V^. Parts 1) and 2) of Lemma 2.4, combined with (2.6) 
and (2.7), imply that u{z) = CIl + C/^, where 



II :- 



'\N\+2 

Y fkmhk{e,z) I dv{e), 



Mr 



k=l 



dVr 







(IC-CP + 







\N\+2 

J2 hk{e,z)uk{e)Ade\ . 



k=l 



The proof is a consequence of the following two equalities 



(2.9) 



(2.10) 



lim/3 - 



lim/; = 



Mjv 



|iV|+2 

Y fk{o)hk{e,z) I dv{e), 

k=l 



n f\N\+2 \ 

j u{e) Yl Qkhk{e,Z)\da{Q). 

9Mjv \ / 



In order to prove these, fix a point Z e Mjv- By (2.1), (2.5) and (2.7), there is a 
constant C such that 



(2.11) hk{e,z)< 



c 



for all e e Mjv \ M^, with < r « 1. 



We deduce easily from (2.11) and the hypothesis ||/||mjvoo < ^^^^ 



lim 

r->0 



Mjv\M^ 



|Af|+2 

Y fki&)h{e,z) 

k=l 



dV{e) < lim 



Ijv\M^ 



where the equality follows from Corollary 2.2. This proves (2.9). 

Next, we prove (2.10). Appealing to Corollary 2.2, Lemma 2.3, (2.11) and the 
fact that the function u is bounded, we see that 



lim 



|Af|+2 

Y Qkhk{e,z) 

k=l 



\u{e)\da{Q) < lim 



CdajQ) 

WW 
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This, combined with part 3) of Lemma 2.4, imphes that 
(2.12) 



. (\N\+2 \ 

j u{e) Yl ^khk{Q, Z) d(j{Q) 0, 



as r — > 0. 



from which it follows that (2.10) is a consequent of 



(2.13) limlim l ^"^^ ""^^^ ^ f V /iJO, Z)a;fc(e) A ciO | = 0. 

Next, we prove equality (2.13). We first make use of the following remark related 
to homogeneity properties of certain differential forms. Indeed, let a, /3 > and write 
the complex manifold M^v as a complete intersection of B^v and the two varieties 
given by the equations a^C, • C = and /3^?7 • = 0. Applying Berndtsson's formulas 
to these two equations and observing that (2.13) corresponds to the particular case 
ct = /3 = 1, then we obtain 

hm / ea^mM'u{Q) ^y\^(e,z)a;,(9)A^9 

= iim / ,3 ('E^.(9,Z).;,(e)Ade 

for all < r < 1. 

We write \ 9Bjv as a union of the two smooth manifolds 



\z\ 


= r, 


\w\ 


\z\ 


> r. 


\w\ 



Ml := {ZgB_ 

Let dcTrj be the canonical volume form on the manifold MJ, j = 1,2. Applying 
equality (3) in Proposition 16.4.4 of Rudin [16] yields that on MJ, 

(2.15) LOkiQ) Ade = C{N,j, k)darj. 

Choosing a function u and a section s appropriately and applying Lelong theory as in 
the proof of (2.4), it follows from (2.14) and (2.15) that on MJ, < r < 1, j G {1, 2}, 
we have 

hm ^ ' ^' :rdarj (6) 

-0(«4|^.^|2 + ^4|^.^|2 + ,)3 

= 777 — 775 , [7 -^darj{Q) = dfirj{Q), 
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in the distribution sense, where d/irj is a C°° differential form of maximal degree on 
the manifold MJ nHjv- In view of (2.11) and (2.16), equality (2.13) will follow from 
the following equalities 



MjnH 



N 



We prove (2.17) for j = 1 which suffices to complete the proof. To do so, consider, 
for every a,f3>0, the mapping Fq,^^ given by : 

Fa,3{x, z, w) := {x, az, f3w), for Z = {x, z, w) G Hat. 

We remark immediately that wc have the following property of homogeneity : 

F,*,(da,i)(0) = C(iV)r2"-\s2™da„(C) A dVi{0 A dV^v), 

for < r, s < i and O = (^, C, ry) e x dMn x M^. This, combined with equality 
(2.16), implies that 

(2.18) KA^f^ri) = C{N,r)a^''-'p^'^dnr.,i on M«. 

Take ro := |. Since the differential form dyUro,i is in C°°(M[°), we see that 

d^lroA^) 



(2.19) I 



|C|=r-o,^<k|<ro 



< OO. 



Using (2.18) and (2.19), it is easy to show that 

J mv? - Voj J mv\' 



0, as r — > 0. 



This implies (2.17) and thus completes the proof. □ 

3. Integral formulas on the manifold Mjv- 

In this section we establish integral formulas of MartineUi-Bochner type (Theorem 
3.1) and those of Cauchy type (Theorems 3.3 and 3.6). These formulas will allow 
us to construct the 9-solving operators. 

\N\+2 _ 

Theorem 3.1. Suppose that u e C^(Mjv) and f ■= fkdOk is a (0, l)-form with 
_ k=l 

coefficients in C(Miv) such that dm^u — /Im^t- Then for every Z eM.^, 

'|iV|+2 




+ 

Mm 



E^'*(e,2)A(e) ^ 
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where 

+ c{-\z.c\' + \z.C\'-\cn\C\' + z*C-z*0)i\v\' + wv) 

+ C [—\w • r]\'^ + \ w •fjl'^ — \ri\'^(\ri\'^ + w •T] — w • r])) {\(\'^ + z • (), 

and are polynomials given by the following formulas : 
(i) if ^ k < I, then 

B,ie, z):=c(fk-x]:)i\c\' + z*cm' + wvy, 



(a) if I < k < I + n + 1 and j = k — I, then 

5,(9, Z) := C ((^, - Q{z . C + iCn - {zj + Cj)z*{C-z)) + ^ . 

(Hi) if I + n + 1 < k<l + n + m + 2 and i = k — I — n — 1, then 

S,(e, Z) := C ((IF, -r],){wT]+ \rj\'') - {w, + r],)w • (rj - w)^ {\C\^ + z*C). 

Proof. Consider the Martinelli-Bochner section Sb{Z, 0) := B — Z. In order to prove 
the theorem, we apply Proposition 2.5 to the section Sb- Using formulas (2.5), (2.7) 
and arguing as in the proof of Theorem 2.4 of |18], we compute explicitly the func- 
tions hk associated to Sb and obtain the desired formula. □ 

Remark 3.2. If m G C^{M.n) is bounded, then Proposition 2.5 and Theoreme 3.1 
hold for the dilated functions Ur{Z) := u{rZ), < r < 1. This shows that Theorem 
3.1 remains true if we only assume that u G C^{M.n) is bounded and 




u{Q) - u{rQ)\da{Q) = 0. 



Following Charpentier [3] let 

So(e,Z) := e(l-e«Z)-Z(l-|en, and D{&,Z) := So{e,Z)»{&-Z). 

In what follows, grad^ / denotes the gradient of a differentiable function / at a 
point Z. 

Theorem 3.3. There exist polynomials R{Q,Z) and Pk{Q,Z), Qk{Q,Z) for 1 < 

k < \N\ + 2, that satisfy the following properties: 

(z) RiQ, Z) = (C|eP + C\C\' + C\v\')i\C\' + z.Oi\v\' + wv). 

(a) For every Z,Q E Bjv, and for every 1 < k < \N\ + 2, 

F.(e,z) = o{\Q-zm' + \z\\c\m' + \wM)), 

Qk{&,Z) = o {\& - z\{\c\' + \z\m\v\' + \wM)) , 

\grad,Pk{Q,Z)\ = O {{\C\' + K\\z\m' + \v\\w\)) , 
\grad,Q,{Q,Z)\ = O {{\C\' + \C\\z\m' + \v\H)) . 
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|Ar|+2 _ 

(in) Given a function u e C^{M.n) and a (0, l)-form f '■— ^ fkdOk £ C(Mjv) that 

_ k=l 

satisfy dm^u = /Im^t, then for every Z e M^, 
f R{Q,Z) ,^,da{e) 



Proof. From the proof of Proposition 2.5 we may assume without loss of generahty 
that there is a extension of w|mjv) denoted again by u, such that du = f on M^. 
Let Ko be the kernel associated to the section sq by formula (2.5). By virtue of 
(2.6), when we integrate uKq over 9Bjv, all terms which contain 5|©p vanish. In 
addition we have 1 - jOp = and D{e, Z) = |l - Z • e|%o that 



lim / itKn = lim / u(Q) 



as AT 
1 





2 


(IC-CP + h 


7» 


v\ 





'\N\+2 \ /\N\+2 ^ ^ 



|CP|r7P(i-z«e)i^i 



A;=l / \ fc=l 



|Af|+2 _ 

Rewriting the differential form in braces in the form ^ hk{Q, Z)LVk{Q) A dQ and 

fe=i 

applying part 3) of Lemma 2.4, we obtain 

A straightforward calculation of the functions hk{Q, Z) shows that 

\N\+2 

(3.1) R{e,z) := J2 ^khk{e,Z) 

k=l 

satisfies assertion (i) of the theorem. 

\N\+2 _ 

Write the kernel Kq in the form (2.7) as Kq = ^ hk{Q, Z)u!k{Q) A dQ. Then we 

k=l 

have 

\N\+2 

(3.2) I ■.= duAKo= J2 fk{Q)hk{Q, Z)dQ A dQ. 

k=l 

To finish the proof of the theorem, it suffices to prove the following lemma : 
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Lemma 3.4. The functions hk in the formula (3.2) can he rewritten in the form 
(1 -0«Z)l^l-2 



(3.3) hk{Q,Z) 



.[(1 - e . z)Pfe(e, + (1 - |e|^)Qfe(e, z)i 



\C\M''D{Q,Z)\^\ 

where and Qk are some polynomials that satisfy assertion (ii) of the theorem. 



End of the proof of Theorem 3. 3. Suppose that the lemma above is proved. Applying 
Proposition 2.5 and using (3.1)-(3.3), the theorem follows. □ 

Proof of Lemma 3.4. By virtue of (2.5) and (3.2), we can write I — Ii + I2, where 



/\N\+2 ^ 

J2 fkd^>^ 



\N\+2 



A 



\ k=l 



iL_£!|gi^[e,,(i_e.z)-z,(i-|en] 



dOj A * A a(C • C) A d{r] • r]) A 



\N\+2 

J2 dQg A dQg 

q=l 



\N\-1- 



and 



/\N\+2 ^ 



A 



(1 Q.zr\-^ '^^\e^ii-e.z)-z,{i-\e\^)] 



k=l 



(iGj Aa|e|2 A 



'n+l 



,k=l 



A * A a(C • C) A d{r] •!)) A 



\N\+2 

J2 dOq A dQ^ 

q=l 



\N\-2- 



A straightforward computation shows that 

(i-e«z)i^i-i 



I fc=l 



n+l 



(3.4) 



mvme,z)m 

{z.c + m{w.rj+ \rj\') + cJ2 { - e . z) + z,{i - lei^)] 

fc=i 

(^ . C + icn - (1 - \C?){zk + Qki^C] {wrj+ 

+ c ^ fkM+n+i { [-%(i - e . z) + wu{i - leH] {w.r]+ |r?n 

fe=i 

- (1 - \r]\^){wk + Vk)w^] (-2 • C + \C?)]dQ A de. 

Hence the functions hk associated with Ji are of the form (3.3). 
To simplify notations we set 



n+l 



m+1 



k=l 



k=l 



k=l 
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and we set for every form lu and every positive integer k, 




Then a simple calculation gives that 



* A 9(C • C) A 9(77 • 77) A 



|A^|+2 

J2 dQk A dQk 



1 |JV|-2 



fe=l 



*A9(C.C)A9(77.r/) 



^3 5^ A (CwJ-^ A o;^ A a;;* + Cuj\ A u^''^ A a;^ + CwJ A o;^ A u;^-^ 

+ C(Jf^ A o;^-' A o;^ + Cu\ A o;^"' A o;^"' + CJf^ Au^ A u^-^) 

= ^Aa(CVC) Aa(^^A J, 

\fe=i 

To conclude the proof of Lemma 3.4, it suffices to prove the following lemma : 
Lemma 3.5. For every 1 < k <6, the differential form 

\N\+2 



A 



\N\+2 
'\N\+2 



A [0^(1 - e • z) - - |en] dOj- A d\e\ 



A Jfe A * A a(C • C) A 5(77 • rj) 



can be expressed as the product of the canonical volume form dQ A dQ and a function 
of the form 

\N\+2 

/. ((1 - e . z)Pji^, z) + {i- \e\')Q,{e, z)) , 

where Pj,Qj are some polynomials satisfying assertion (ii) of Theorem 3.3. 

End of the proof of Lemma 3.4. Suppose that Lemma 3.5 is proved. We deduce 
from the definition of I2, hk and (3.5) that 



[1-Q.Z) 



\N\-2 



mr)\w{e,zr\ 



.fc=i 



2k 



Therefore Lemma 3.4 follows from Lemma 3.5. 



□ 



Proof of Lemma 3.5. We break the proof into 6 cases according to the integer /c, 
1< /c < 6. 
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Case 1: Ji = Jf^ Au^ A ul^. In this direct computation shows that 



'21 



[z*C+\C\'){wv+\v\' 



I 



Li=i 



A 



5^[e,(i-e.z)-x,(i-|er)]d^, 

.i=i 



(i-e.z)(;^.C + ICI')(^-^+I^P 



A9|e|' A 



.i=i 



.j=i 



A a; 



«-2 



A 



A 



Lj=i 



A aiep A 



Since 



A 



j,A;=l,j<A; 



we see easily that I21 satisfies the conclusion of the lemma. 

Case 2: J2 = cu^ A u^~'^ A uf^ . In this case we can rewrite I22 in the form 



A 



.i=i 

'n+l 

E^^'^^j' 



A 



n+l 

A 

n+l 



E[C,(i-e.z)-z,(i-|ep)] rfc.Aaici 

-1 

E + Ck)CpdCk A c/Cj 



.fc,p=l 



Aajr' !> A^ Au;;^+\ 



In view of the proof of Lemma 2.7 in [18], the differential form in braces can be 
expressed as the product of d( A d( and a function of the form 

n+l 

E fni ((!-©• Z)S,{e, Z) + {1- \Q\')T,{Q, Z)) , 

where Sj,Tj are some polynomials such that 

S,{Q,Z) = 0{\z -CWCf), T,{Q,Z) = 0{\z- cm'), 

grad^5,(e,z) = o(|cp + |cikl), grad^r,(e,z) = o(|cr + ICIkl). 

Combining what we have proved so far, we obtain that I22 satisfies the conclusion 
of the lemma. 

Case 3: J3 = cj^ A A This case can be treated in the same way as the 

previous case. 
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Case 4: J4 = ^ ^ A cu" ^ A a;"'. Then we have 



7+n+l 



A 



'/+n+l 



A 



E [e,(i - e . z) - z,(i - lei^)] ^^e, a am' + \C?) 



7+n+l 



A 



■ n+l 
.A;,p=l 



2\ ,m+l 



l+n+l / n+l 

By sphtting ^ fjdQj into a sum of the two parts ^ /jC^i^j and ^ fk+id(^k, we 

i=i j=i fc=i 

also spUt into two corresponding parts as J24 = /241 + -^242 • A httle calculation 
gives that 



I n+l 

j=l k,p=l 
'l+n+l 

E [ei(i-e.z)-Zi(i-|0p)]d0, 



A 



t=i 



Ad\C\'A 



7+n+l 



s=l 



{i / n+l 

j=i \k,p=i 



A o;^ A 0;^*+^ A 0;;^+^ 



Similarly, since = ^ Cs<^Cs) we obtain 



i n+l 



^242 = E E fi'+ii^k + Ck)Cp^sdCk A dCfe A dCp A 



S=l k,p=l 

k^p 



A 



7+n+l 



E [et{i-Q*z)-Zt{i-\e\')]dQt 



t=i 



A u;J-^Aa;^"-^A(«;«^+|r/|>^ 



A 



7+n+l 



E ^tdQt 



t=i 



2\ m+1 



n+l 



I n+l 



= C(l-e.Z){wr]+ E i E E [(^^ + (^Cp - 6^) 



ifc=l 



=1 p=l 
p^k 



[zp + Cp)Cp6 - e.^)] } A 4 A a;^"+i A 0;™+^ 
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It can be checked that /241, 1242 and J24 satisfy the conclusion of the lemma. 
Case 5: J5 = o;^ A A cc;^~^ Observe that 



'25 





'\N\+2 












A 




-e 




_j=i+i 














"|iV|+2 






A 




A 








s=Z+l 





n+l 



.fe,p=l 



m+1 
.r,s=l 



A o;^^-^ A ul]'-^ \ A a;^ 



\N\+2 _ n+l _ 

Rewriting ^ fjdOj as the sum of two differential forms ^ fk+idC,k and 
j=i+i fe=i 

m+1 

^ fj^i+n+idfjj, we thus divide into two corresponding terms: I25 = /251 + -^252 • 

i=i 

A straightforward computation shows that 
(3.6) 

n+l m+1 

^251 = E E ^''^^1 + Q'^viVr + Wr)rrsdC,k A C^Cg A C^Cp A dljr ^ dff; 

k,p,q=l r,s=l 



A 



A u;^-^ A u;;'-^ A a;J 



'|Af|+2 




"|Af|+2 




E [9^(1 - e . z) - - leH] (iOt 


A d\r]\^ A 




} 


t=i+i 




s=l+l 





' n+l 



. fe=i 



^ E(^f + + ^(-^fc + 



A 0;^+^ A 0;^+^ A 



We obtain in exactly the same way an explicit expression for 1252 • Finally, we deduce 
from these expressions that /251, 1252 and I25 satisfy the conclusion of the lemma. 
Case 6: Jq = lu^-^ A o;^ A (j^-^ This last case can be treated in the same way as 



Case 4. The proof of Lemma 3.5 is therefore complete. 



□ 



We end this section with the study of the particular case A'" = (2, 2). In this case 
we write for Z, £ Bjv : 

Z = {z,w) = {zi,Z2,Z3,wi,W2,W3), and © = (C, ??) = (Ci, C2, Cs, ?7i, ^2, ^3)- 

To establish optimal Lipschitz estimates for the domain ^(2,2)1 we need a more 
precise formulation of the Cauchy type formula given in Theorem 3.3. 

Theorem 3.6. Let N := (2, 2). There are polynomials R{Q, Z) and Pjk{Q, Z), 
Qjk{Q, Z), I < j <2, I < k < 4, that satisfy the following properties: 
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(t) R{e, Z) = (C|CP + C\ri\'){\C\' + z.O{\v\' + wr}). 

(a) For every Z,Q E B^v, o-nd for every 1 < j <2 and 1 < k < A, 

Pi.(e,z) = o(|e-z|(|C3| + |r/3l + |e-z|)(|cp + |Clkl)(|r7p + |r7lkl)), 
Qu(e,z) = o(|e-z|(|C3| + |r/3l + |e-z|)(|cp + |Clkl)(I^P + |r?lkl)), 

\gradzPj,{e,Z)\ = Q {{\C\' + \C\\z\){\ri\' + \r)\\w\)) , 
\gradzQjkie,Z)\ = O ((|Cr + iCll^Dd^l' + ■ 

(in) Let u e C^{M.n) and f :— /i^Ci + hdC2 + fadfji + f4drj2 is a (0, l)-form with 
coefficients in C{M.n) that satisfy Omn'^ — /Imjvj then for every Z e Mjv, 

f R{e,Z) ,,,,da{Q) 

<z)= / - — V^:i^i ^e)^^ + 
„y. f 1 - z • e 



2 4 



/EE 

M;v ^==1 



[(1 - e . z)p,fe(e, z) + (1 - imQjkiQ, z)]fk{e)- 



Proof. We return to the arguments used in the proof of Theorem 3.3. By the hy- 
pothesis on / and (3.2), we have that 

(3.7) I:^duAKo^ (fiH, + f^H^ + f^H^ + fiH^)de A dO, 

with Hi := /ii, H2 /12, ^3 ^4 and := /i5. To complete the proof, it suffices 
to prove the following 

Lemma 3.7. The functions Hk in formula (3.7) can he expressed in the form 

(3.8) i/,(e, z) = g - e •^)^.fe(e, z) + {i- |er)g,,(e, z)i 

where Pjk and Qjk are some polynomials satisfying assertion (ii) of the theorem. 

End of the proof of Theorem 3. 6. Suppose that the lemma is proved. Using the argu- 
ments that precede Lemma 3.4 in the proof of Theorem 3.3 and applying Proposition 
2.5, the theorem follows. □ 

Proof of Lemma 3.1. Following the proof of Lemma 3.4, we write / = /i -|- l2- By 
virtue of (3.4), the functions fffe associated to /i (similarly to those associated to / 
in (3.7)) arc in the form (3.8) with j = 2. 

Since / — and a;^ = 0, formula (3.5) becomes 

2 



* A 5(C • C) A d{j] • 77) A 

(3.9) 

A (2cc;^ A + cj^ ) 



^ dQk A ^Oa 



jfc=i 



^' A a(C • C) A d{r] • ^) 



= * A 9(C • C) A ^{^ • ri) A ( Ji + J2 + h) ■ 

Therefore, to conclude the proof of Lemma 3.7, it suffices to prove the following 
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Lemma 3.8. For every I < k <3, the differential form 

6 

hk := [/iCi + /2€2 + /3c?77i + /4(^?72] A J][e,(i-e.z)-z,(i-|e|2)]de, 

" 6 

Y^ZsdQs 



r=l 



A a|e|"A 



s=l 



A Jfc A ^' A a(C • C) A d{r] • r]) 



can be expressed as the product of the canonical volume form dQ A dQ and a function 
of the form 

4 

^ ((1 - e . z)Pu{e, z) + {i- |e|2)Qu(e, z)) , 

t=i 

where Pit,Qit CL^e some polynomials satisfying assertion (ii) of the theorem. 

End of the proof of Lemma 3.7. Suppose that Lemma 3.8 is proved. In view of (3.9) 
and the expression of I2 given at the beginning of the proof of Lemma 3.4, we see 
that 



{i-e.zf 

' mri?D{Q,ZY 
Therefore, Lemma 3.7 follows from Lemma 3.8. 



2k 



□ 



Proof of Lemma 3. 8. We first remark that the case k = 1 corresponds to the case 
5 in the proof of Lemma 3.5. Hence, by virtue of identity (3.6), I21 satisfies the 
conclusion of the lemma. Consider the case k = 2 which corresponds to case 2 in 
the proof of Lemma 3.5. Then we have 

I22 = ( [/iCi + /2C2] A J] [c,(i - e . z) - - \e\')] dCr A 9|cr 



A 



A 



r=l 
■ 3 



A (to • 7] + \r]\'^)uJ^. 



s=l J \_t,p=l 

A simple calculation gives that 

/22 = {/i(i - e . z){cc,C2 + CC3C2) [$^(-i)^('-'^'*nc^. - fe)(^* + C*)] 
+ /2(i-e.z)((:7C3Ci + ^^C3Ci) [5](-i)^('^'^'*Hc^. -fe)(^t + Ct)]} 

• (wrj+\r]\'')u;lAujl 

where the sum is taken over all permutations (r, s, t) of {1, 2, 3} such that r < s and 
where e(r, s, t) is the sign of such permutations. It follows from this that I22 satisfies 
the conclusion of the lemma. Similarly, we have the same conclusion for I23, which 
completes the proof. □ 
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4. Local coordinate systems on the complex manifolds and HI„ 

In the next theorem, we construct an open neighborhood lAn of IH[„ in C"+^, and 
for every z e Un, a. coordinate chart defined on a coordinate patch U{z) of ]HI„ 
that possess some interesting properties of homogeneity. The same construction will 

be applied to the complex manifold HI„j. These local coordinate systems will allow us 
in the next section to reduce certain types of integral estimates over Mjv to simpler 
integral estimates over 

Theorem 4.1. There are an open neighborhood Un ofMn in C"'^^ and constants 
Ci, C2, C3 > 1 that satisfy the following properties : 

1) If z E C^'^^\Un then dist{z,Iin) > ^ with the understanding that dist{., .) is the 
euclidean distance. 

2) If z E Un and if the open set lA{z) := |c G ]HI„ : |C — 2;| < ^| is non-empty, 
then there exists a diffeomorphism $^ mapping U{z) into the open neighborhood 
U{z) := |c G : IC — ?| < ^1 of a point z E which is exactly ^^{z) in case 
z E M-n such that 



(z) (•z = ^'{C)»^'{z), for allCEU{z). 
(11) = \z\ and < |$"(C)| < |C|, for all C E U{z). 

(Hi) For all ( E U{z), we have < C'ajl^, where := ($^, • • • , • 
(iv) For all compactly supported functions f E Cq{U{z)) such that f > 0, we have 

fdV^<C^ j mmdVniO, 

where dVn{C) denotes the Lebesgue measure on C" and ^If is the pushforward of f 
under the diffeomorphism 

Remark 4.2. We construct in the same way an open neighborhood Um of Mm in 
C""*"^, and for every w E Um, a coordinate chart defined on a coordinate patch 
U{w) of M-m that possess the same properties as Un, and U{z). 

To prove Theorem 4.1, we need the following 

Lemma 4.3. There exists a constant Cn > such that max \Im(zi'Zk)\ > Cn, 

for all z :— {zi, . . . , Zn+i) E 9M„. Here ImX denotes the imaginary part of X E C 

Proof. Since the function z 1— » max |Im(2;j^)| is continuous on the compact set 

i<j<k<n+l 

dM.n, it attains its minimum at a point z. Therefore it suffices to prove that there 
exist 1 < j < k < n + l such that lm{zj'Zk) 7^ 0. Suppose the contrary. Since \z\ = 1, 
there is an k such that Zk ^ 0. Hence for every 1 < j < n + 1, we have zj = XjZk 

/n+l \ 

with Xj E ]R, from which it follows that = ^ ^] ] ^l- Thus z^ — and we obtain 

Vi=i J 

a contradiction. This completes the proof of the lemma. □ 
We now turn to the proof of Theorem 4.L 
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Proof of Theorem 4-1- The construction of the open neighborhood W„, the coordinate 
patches U{z) and the coordinate charts $^ : U{z) — > C" for every z G Un, will be 
done within two steps. First, by Lemma 4.3, we divide 9M„ into "^"^^^ compact 
sets Ejk, j < k, where Ejk := {z G 9M„ : |lm(2;jlfc)| > Co} . 

Fix a sufficiently small number 6 > 0. The exact value of 6 will be clear in the 
course of the proof. Let 2; be a point of C"""*"^. 
Step 1: dist(2,aM„) < 6. 

According to the discussion above, suppose without loss of generality that there 
exist j < k and z G Ejk such that I2; — 5| < 5. Define the diffeomorphism $^ as 
follows : := ($f , . . . , <l>^) , where 

$f(C):=0, if/<j; 

^^(Q := 0+1, if j < / < A; - 1 or k < I < n. 

We can choose the functions I ^ j, as the n-local coordinate functions of 
at the point z. Substituting Q by i Yl Cf the expression of straightforward 

computations show that the real Jacobian of $^ at the point ( corresponding to 



this local coordinate system is equal to .J'^in'' S'f]^^ m ■ This quantity is uniformly 

K j I I Pi I + Pfe I ) 

bounded from above and from below by some positive constants as <^ G H[„ and z 
are very near to i G Ejk- Therefore, when C2 is sufficiently large, there exists a 
sufficiently small 6 so that for every z G Ej^ and every z such that \z — z\ < 6, 

is a diffeomorphism from {( e Mn : \C - z\ < 26} to |c G C" : |C - $^(2:)| < . 

Taking Ci > ^ and observing that = \z\ ^ 1, it follows from the previous 

discussion that $^ is a diffeomorphism from U{z) onto an open neighborhood 
of the point z := G C". 

To finish part 2) of the theorem, it remains to prove assertions (i)-(iv). 

Assertions (i) and (ii) can be checked direcly. In particular, the estimate < 
Id follows from the Cauchy-Schwarz inequality. 

We prove now assertion (iii). Consider two cases according to k : 
Case A; < n + 1. In this case, in view of the definition of we have Cn+i = ^niO- 
This, combined with (ii), implies assertion (iii). 

Case k = n + 1. If C ^ ^i^)-, then when Ci is sufficiently large, we have 1 > |Cn+i| ~ 
|^n+i| > Cq. Hence assertion (iii) is almost obvious. 

It now remains to prove assertion (iv). By Proposition 2.1 in [18j, for Q G ti{z) 
we have the following identity: 



ICI - 

dVniO = Cf^dCi A dCi A . . . A dQ A dC, A ... A dCn+i A 



2 



Since 2 > |C| > |0l ~ l%l > ^o, it follows that c/K(C) ~ {^"Y (rfK(C)) for 

C = $^(C)- This implies assertion (iv). 
Step 2: General case. 
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Set Un := {rz : r > and dist(^, aM„) < 8} . 

li z eUni then according to the definition above, there exist z e 5M„ and r > 
such that \rz — z\ < S. Therefore, the construction given in Step 1 can then be 
apphed to the point rz. Hence, we can define 

U{z) ^-Uirz); 

Using the homogeneous invariance of the complex manifold with respect to the 
dilations, we conclude that for every z E Un, the function $^ just defined satisfies 
part 2) of the theorem. To finish the proof of the theorem, it only remains to check 
part 1). Let z ^ Un- Then there exists a point z G EI„ such that \z — z\ = dist(2:, H^). 
Since z ^ Un, we deduce that 1-2 — 5| > 5\z\. Hence 

Q + 1^ dist(^,E[„) >\z- z\ + \z\ > \z\. 

Thus, if we choose Ci > | + 1, then part 1) is satisfied. This completes the proof of 
the theorem. □ 



5. Reduction of estimates from to B|Ar| 

This section proves the Theorem of reduction of estimates. We use the notations 
and the constants introduced in the previous section. In order to state this theorem, 
we need some more notations and definitions. 

We denote by B|jv| the euchdean unit ball of C'^L We often use the following 
notations for e,Z e Cl^l : 

© = (f , C 7?) e C X C" X C"^ and Z = {x, z, e C' x C" x C"*. 

Let dV{Q) be the Lebesgue measure on C'^L For every i e {1,2}, note Bjj7v| the 
euchdean ball of C'^l centered at the origin with radius i. Thus B|jv| = Bij^f|. 
We shall define various notions of comparabihty. 

Definition 5.1. Consider two points Z = {x,z,w) e Bjv and Z = {x,z,w) e C'^L 
Z is said to be comparable with Z if the following conditions are true : 

(1) X = x. 

(2) If z e Un andU{z) ^ 0, then z = ^'''{z), if not \z\ = \z\. 

(3) If w E Urn (ind U{w) 7^ 0, then w = if not \w\ = \w\. 

Remark 5.2. It should be noted that by this definition and Theorem 4.1 (ii), we 

have = \z\ = |z|, \w\ = \w\. Hence Z e B|jv|. 

Definition 5.3. Let i G {1,2} and fix two comparable points Z = {x,z,w) G Bjv 
and Z = {x, z, w) G C'^L 

We say that ^ G C' zs i-comparahle with ^ G C' if i = 
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We say that ( e E[„ is i-comparable with e C" i/ the following conditions are 
tvue ' 

(1) If \C\ >V2\z\, then \C\^\C\. 



(2) If\C-z\< ^, then C^^'iO- 



Ci 



(3) //Id < V2kl and IC--^! > 1^, then |C| < V2|?| and |C-^| > i^; if moreover 



Ci 



C2' 



i — 1, then we have \(\ < 

We can define in the same way the notion of i- comparability between r) G and 
rj G C™ upon substituting n by m and $^ by 

Finally, two points = (CX^v) ^ '^n and = (^■C, C) ^ are said to be 
i-comparable if ^ (resp. C, and rj) is i-comparable with ^ (resp. Q and rj). 

Remark 5.4. We deduce easily from this definition and Theorem 4.1 (ii) that if 
e Mjv is i-comparable with e C'^', then e Bj,|jv|. 

Definition 5.5. Let i e {1, 2} and fix two comparable points Z e Bjv and Z e B|jv|- 
Consider two non-negative measurable functions K, K defined respectively on M^v 
and Bj^|;v|- 

• We write K < CK (respectively, K < CK ) at {Z, Z) for a positive constant 
C if for all points e Mjv i-comparable with e ^i,\N\i 

K(e) < CK(e) (respectively, K(e) < CK(e)). 

• We write K ^ K at {Z,Z) if there exists C >0 such that K <CK <C'^K. 

Now we are in a position to state the main theorem of this section. 

Theorem 5.6. Let i e {l, 2} and fix two comparable points Z eMn and Z G B|jv|. 
Let C be a positive constant. Consider non-negative measurable functions K, L 
defined on Mat and K, L defined on such that 

K<CK and L<CL<C^L at {Z,Z). 

For every a :— (ai, q;2, eta, 0:4) such that < cti < 2n, < 0:2 < 2m and < 
CKs, a4 < 2, we set 



^2,a(e) 






■u; f 


)"{■* 














\w\ 






\v\ 



c 



+1 



02 



c 




7] 


Cn 




Vm 



Vm+l 



Cn 



as 






V 







Then there exists a constant C4 that depends only on N,a and C, Ci,C2,C3, (in 
particular this constant is independant of Z and Z ), such that 
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1) 



Mn 



2) for 5 > 0, 

K^{Q)dV{Q) < Q j ki^^{Q)dV{Q)- 
L{e)<s eeBi_|jv|, Z(g)<C4<5 

3) forO< 5i < 52, 

j Kaie)dv{e)<c, J Ki,o.{o)dv{e). 

Proof. We shall only prove part 3). The two other assertions can be shown in exactly 
the same way. Firstly, we extend the domain of definition of the functions K, L, K, L 
by setting 

K{e) = L(e) := 0, if e e Hjv \ M^; 

^(e) = Z(e) := 0, if e e ci^i \ li,,^,. 

By the hypothesis on L and L, for every G Mjv such that < L{Q) < 62 and for 
every G Mi^\N\ i-comparable with 0, we have 



(5.1) 



Si 

c 



< L(0) < CS2- 



For every ^, ^ G and r],r] E H^, consider the following integrals 



ICI 



Cn+1 



01 



«3 



dVniO, 



kU,C,v 



C6C", ^<L(€,C,5?)<C52 



where dVn{C) denotes the Lebesgue measure on C*. 
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Next, consider the following integrals 

I I \ a9 
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5(0 

M) 

M) 



Vm+l 



on 







V 






rjm 



dVm{r]), 
dVmiv), 



Q!4 



dVmirf), 



where dVm{rf) is the Lebesgue measure on C™. 

We outhne the main ideas of the proof. Suppose that $, (resp. 77) is i-comparable 
with ^ (resp. 77). Using the hypothesis that K < CK, we shall prove that 

(5.2) R{tv)<C4Ri{lv), ^ = 1,2. 

Next, we shall estabhsh in the same way as in the proof of (5.2) the following 
estimate : (note that ^ — ^) 

(5.3) SiO<C4M), ^ = 1,2. 
Finally, an application of Fubini's theorem gives that 



J K^{Q)dV{Q) = j SiOdVm. 



and 



j K,,^{e)dv{e) = J SiiOdViiO- 



06B, ijv|,4<L(e)<C52 



Part 3) now follows by combining (5.3) with the latter two estimates. It now remains 
to prove inequality (5.2). 

To do so, divide the domain of integration e ]HI„ : ^ < L(^, ^, 77) < 082} of 
R{^,r}) into the three subsets : 

El {lC-^l<^}; E2 -.^ {\C\ > V2\z\} ; 

Es := ||C|<v^k|and|C-^|>^}. 

Also, divide the domain of integration |c e : ^ < L (^^, rj^ < €62^ of Ri{^, rj) 
into three corresponding subsets : 



El 
E3 



IC-?I< 



\z\ 
C'2 



E2 :^ {\C\ > V2\^} ; 



|C|<v^|i1and|C-?|>|^ 
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Estimate (5.2) will follow by combining three integral estimates of the form J < 

C4 j with some appropriate integrands and j = 1, 2, 3. Therefore, we may assume 

without loss of generality that Ej 7^ 0, j = 1, 2, 3. 

Combining Theorem 4.1, definition 5.3 and estimate (5.1), we see that {^,CtV) is 

i-comparable with $^(C))^) ^ Ei, for every ( G Ei. Hence, the hypothesis K < 



CK implies that K{CX,v) < CK \^^,^' {(),?] j . Moreover, the fact that C e ^1 
gives that \C, \ > (^^ ~ kl- Therefore, applying Theorem 4.1 (iii)-(iv) gives that 



(5.4) 



^(e,C,^) 1 + 



Cn 



+1 



El 



El 



Next, we prove the estimate of the form / <: C4 f . Set J:={|C|: C ^ ^2} ■ We 



E2 E2 



remark that ||| < for every ( E E2. Therefore, by integration in polar coordinates 
(Corollary 2.2), we obtain 



E2 



i^(e,c,^)(i + ^ 



ai 



c 



Cn- 



03 



< 



< 



[ sup K{^,C,v)r'''-'dr- [ 
I am 

[ sup K{^,C,v)r'''-'dr, 

J C&E2,\C\=r 



dV^iC) 



Cn. 



+1 



d(Tn{C) 



where the latter inequality holds by an application of Lemma 4.1 in [T7| with a-^ < 2. 
On account of definition 5.3 and estimate (5.1), {C,,CiV) is i-comparable with 

C) ^ E2, for every C, E E2 and C, E E2 such that \C, \ = This, combined with 
the hypothesis K < CK, implies that 



sup K (e, C, V) r'^'-'dr < / ^ ml K {^,C,v) r'^'-'dr. 



Cei?2,|CI=r- 



Cei?2,|CI='- 



The right side of the latter estimate is majorized hj J K y^X^Vj dVn{C)- In 

E2 

summary, we have that 



(5.5) 



E2 



c 



Cn 



+1 



rfK(C)<C4 KU,C,^]dVniC). 



E2 
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It now remains to prove the estimate of the form J < C4 / . Consider two cases 

E3 E3 

according to the value of i : 

Case 1 = 1. We set R := sup^^^,^ |C|. In view of definition 5.3, Remark 5.2 and 

estimate (5.1), we see that (CC^v) 1-comparable with ^^,C)^^ £ -E's for every 

^ G i?3 and ( E such that |C — ^| > ^ and \Q < Therefore, using integration 
in polar coordinates, we obtain 



E3 



1 + 



\z\ 

Kl 



C 



Cn 



+1 



(5.6) 



< / sup X (e, C, V) r'"-' f 1 + 



R 

/in 



<c, [ k{c,c,v] 1 1 



R 

< I _ ml k(ll^)r'--' 

,|C|=r ^ ^ 





1 + — 

r 



ai 



dM 



5n+l 



as 



Cn 



duniQdr 



daniQdr 



E3 



\z\ 

Kl, 



i 

Cn 



as 



where on the third line, dan{C) is the surface measure of the euclidean unit sphere 
dMn of C". 

Case i = 2. We see easily that 



C e C" : Id < V2\z\ and |C-^| > 



\z\ 
C'2 



Moreover, (^,C)^) is 2-comparable with [iXiVj fo^ every C ^ -^^3 and C £ E^- On 
the other hand, by Remark 5.2, we have \z\ = \z\. Thus, 



E3 



\z\ 

Kl 



C 



n+l 



"3 



<(V„(C) 



Cn+1 



as 



t^K(C) 



ICI<x/2|z| 



< |^|^-supK(e,C,r7)< mf k(^,C,^) <C^4 / K UX:v) dV^iO- 

E3 

Now estimate (5.2) follows from (5.4)- (5. 7). This completes the proof of part 
3). □ 

To conclude this section, we give without proof some properties of the relations 

" <" and " f« ". 
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Proposition 5.7. Let Z,Z and K,L,K,L be as in the statement of Theorem 5.6. 
Suppose that K <K and L<L at {Z, Z). Then K + L<K + L and K'^L^ < 
K"Lf^ , for every a, /9 > 0. 

// in addition K K and L L then K + L K + L and K°'L^ ^ K°'L'^, for 
every a, /3 G M. 

6. Integral kernels 

The pairs of integral kernels K, K satisfying the condition K ^ K that we shall 
use are studied here. Recall the function D introduced by Charpentier [3] : 

D(e, Z) := |1 - e • - (1 - |en(l - for all Q,Z eC'' and keN. 

Theorem 6.1. Let i G {1,2} and fix two comparable points Z G Bjv and Z G B|7v|. 

Consider two functions K, K defined respectively on M^v and Bj^^vi that correspond 
to one of the following three cases : 

(1) i = 2 and K{Q) := |e - Z\, K{Q) := |0 - Z\. 

(2) i = l and K{Q) := \1 - •Z\, ^ K{Q) := \1-Q»Z\. 

(3) i = l and K{Q) := D(0, Z), K{Q) := D(e, Z). 
Then K ^ K at {Z, Z). 

Proof. Using the definitions 5.1, 5.3 and 5.5, it can be easily checked that 

l^ — CI and \w — ri\ ^ \w — rj\ a.t{Z,Z). 

Applying Proposition 5.7 to the latter two relations, assertion (1) follows. 

To prove assertions (2) and (3), we need the following estimates of Bonami- 
Charpentier [2| p. 67] : 

(6.1) |i - e«z| ^ (1 - \zf) + (1 - lep) + |im e»z\ + |e - zp, 

and 

(6.2) D(e, z) ^ (1 - |z|2)|e - + (|e|' - \z\^Y + |im e • zf + 10 - z|^ 

for every O, Z G B^, where B^ is as usual the euclidean ball of C'^. 

Write Z = {x,z,w) G Bat and Z = {x,z,w) G B|7v|. Let 6 = {^,C,v) ^ be 
1-comparable with 6 = (^^, (, rjj G B|jv|. We break the proof into four cases. 

Case 1: z = ^^{z),C = $""(() and w = ^""{w), rj = (^'^{rj). 
In this case by Theorem 4.1 (i)-(ii), we have that 

(6.3) C •z = ( •z, rj •w = rj • w, and \z\ = \z\, \w\ = \w\. 

We deduce easily from the first two equalities of (6.3) that |1 — ©wZl = |1 — 0«Z|, 
which proves assertion (2). 

On the other hand, we have the following identity : 

D{Q,Z) = (1- |Zn|0-Z|2 + |Z«(0-Z)|'. 
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By assertion (1), we have |0 — ^ |0 — . This, combined with (6.3), imphes 
that -D(0, Z) D ( 0, Z) , which completes the proof of assertion (3). 



Case 2: z = ^\z),C = <^'^(C) and \w - r]\>\^,\w -r]\>^^. 



Ci 



In this case it is easy to check that 

(6.4) max{|i(;|, |?7|} < — ?7|, and \\.m. r\ •w\%\w — r]^ . 

Now we set _ _ _ _ 

Z' := (x,^), Z' := (J,5), 0' := (^,0,0' := {iX)- 
Combining (6.1), (6. 3) and (6.4), we obtain 



(6.5) 



|1 - . Z| ft. |r7 - + (1 - |zf) + (1 - \<$if) + 
fa |?7-w|^ + |l-0'«Z^|. 



Im •Z' 



+ |0' 



On the one hand, we have \r] — w'\^ \r\ — wS^. On the other hand, proceeding as in 

the first case, we get |1 — 0' • Z'| = |1 — 0' • Z'|. This, combined with (6.5), shows 

that |1 — 0«Z| K, |1 — 0»Z|, which completes the proof of assertion (2). 

We now come to the proof of assertion (3). Applying (6. 2), (6. 3) and (6.4), we see 
easily that 



Im 0' • Z' 



+ |0'-Z'|^ + |77-«; 



D(0,Z) ^ (1-|Z|2)|0-Z|'+ (|0'|' - |z'|2) V 

Since (1 - |Zn|0 - Z|2 = (l - \Z'\^ - \w\^) (|0' - Z'p + |r; - wp) , we obtain 
(6.6) 



D(0,Z) 



(l-|Z'|2)|0'-Zf+ |0'| 



+ 



Im •Z' 



+ |0 -Z' 



+ |?7 — 



(i - \z'f) 



^ D{e',Z') + \rj-w\^ (l- I^T) • 

On the one hand, we have \r] — Ki \rj — tup and 1 — |Z'p — 1 — |Z'p. On 
the other hand, proceeding as in the first case, we can show that D{e ,Z) 

D (q',-^') ■ This, combined with (6.6), shows that D{e,Z) ^ D (0,^) and the 
proof of assertion (3) is thereby completed. 



Case 3: w = <^'"{w),ri = $'"'(^) and |^ - CI > ^, I?- CI > 



C2- 



This case can be treated analogously as the previous case. 



Case 4: \z - C\ > ^^Az - C\ > ^ and |^ - ryl > ^, \w-v\> f • 



\w\ 



C2 



Ci 



C2 ' 



We repeat the arguments used in the proof of the second case. More precisely, 
proceeding as in the proof of (6.5) and (6.6), one can show that 

ll-O'.Z'l \C- zf + \l-^»x\ 

(6.7) ' I IS I I I 

i^(0,^)^i^(c,^)+ic-^r(i-i^r). 

On the other hand, it is clear that |1 — {w^l = |1 — i^wxl and D{^, x) = D{^, x). 
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These equalities, combined with (6.5), (6.6) and (6.7), imply that |1 — • pa 
|1 — • Z| and -D(0, Z) ^ D ^G, . The proof of the theorem is complete in this 
la st case. □ 

7. Integral estimates 

In this section, we prove, with the help of Theorem 5.6, two important integral 
estimates that will be used repeatedly throughout the paper. 
For every A > and Z e Bat, consider the function 

1 



||Af|+l+A' 



for all e e Bat. 



\i-e»z\ 

The first result of this section is the following 



Theorem 7.1. For every a := (ai, a2, 03, 04) G such that < a^, 04 < 2 and 
< + ^3 < 2n, < 0:2 + 0:4 < 2m, there exists a constant C independant of 
Z eMn such that 



Mjv 



\W\ 

\v\ 



C 



n+1 



Vm+1 



dv{e) < c (1 - 1^1')"^^+'^+'^) . 



In order to state the second result of this section, we introduce some more nota- 
tions. Let 6 (^, C, ^), Z := {x, z, w) and Z := {x , z ,w ) he three points of Mjv- 
Define 



A(e, Z ) 



E 



B,{&,Z) B,{&,Z') 



where Bj{Q, Z) are the polynomials given in the statement of Theorem 3.1. 

Then we have the 



Theorem 7.2. Let q he a real number such that 1 < q < 
estimate 

2(9-1) 

dv{e) < 



2 


N 


+4 


2 


N 


+3 



j A{e,z,zy 



ICIIr^l 



ICn+ll |^m+l| 



^_^'|2|7V|+4-(2|7V|+3),^ ,/g>l. 

Z - Z \\log\Z - Z'W, ifq = 1. 



To prove these theorems, we need some preparatory lemmas. 
Lemma 7.3. Given < Ri < R2, a < 1 and < /3,7, then 



Ri 



dx 



Ri 



x°'{x + Ri)/^{x + R2) 



dx 



{x + Ri)»+f^{x + R2) 



Lemma 7.4. Consider a :— {ai, a^-, cts, 04, 0^5) e such that < 0:4, < 2, and 
a2 < 2n, as < 2m. For a :— (ai, 02) G C^, we set 

04 



/a,a(e) : = 



1 



|e|°i|c|"H?]|"^ 



C 



Cn - Ol 



r]m - 02 



0:5 ^ ^ 

, e = (e,c^eci^i. 
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Then 

J 4,„(e)dl^(e) < C(7V,a)52|^l-("i+"2+"3), ifai + a2 + a3<2\N\; 
\e\<s 

J Ia,a{^)dV{e) < C(Ar,a)52|^l-("i+"2+'*3)^ ^f^^ + + > 2\N\. 
s<\e\ 

Proof. Consider the case a = (0,0). We use integration in polar coordinates and 
then apply Lemma 7.3 four times to obtain 

/ I^,o{0)dV{e) < f dl^(e)<C(Ar,a)52|^l-("i+"^+"3), 

\e\<s o<|0|<<5 
which is the first estimate in the lemma. The second estimate can be proved in the 
same way. Now we consider the general case a e C^. We write © = (^O' ,rjm^ and 

observe that if |©| < 5 and \rjm — (i2\ < then we have {O' ,t) < 3S, for every 
t E C such that |t — < In addition, it is clear that 



/ / 



W2\ 



dtAdi 



|t-a2|<^ 



|t-a2|<^ 

On the other hand, if |?7m ~ 0^2! > then |r7m| < 3|?7to — 02]. It follows from these 
considerations that 



|e|"i|c|"2|?7|"3 



C 



Cn - ai 



05 



|e|<5 |e|<35 
The same reasoning, applied to the variables ( and Cni shows that 

J 4,„(e)ciF(e) <c(«4,«5) J ia,omdv{e). 



\e\<s 



|G|<95 



The proof of the first estimate is now complete. The second estimate can be estab- 
lished in a similar way. □ 

Proof of Theorem 7.1. Let Z = (x, z, w) be a point of B|jv| which is comparable 
with Z. Consider the function 



1 



1 -e«z 



|Af|+l+A' 



for alio = U,C,V) eB|^| 



By Theorem 6.1(2) we have Kx^z ~ ^xz- Remark 5.2 we obtain \Z\ = \Z\. 
Therefore, in view of Theorem 5.6 we see that Theorem 7.1 will follow from the 
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estimate 
(7.1) 



/A-(§)(l.|)""(l.H)"i----|£p,,,g),^(,_|g,. 

B|jv 

Now we go back to the proof of Lemma 1.5 in the work of Bonami-Charpentier [21 
p. 68-69]. We may assume without loss of generahty that \wi\ > — y= and set 



as 



2y/\N\ 

w := {w2, ■ ■ ■ ,Wm) and A:=1 — \Z\'^. 
As in [2< p. 68], observe that 

n := 1 - |ep, := Im(e • Z), ^, C and r] := {rj2, . . . ,r],m) 

form a system of coordinates whose jacobian is bounded from above and from below 
by positive constants uniformly in Z E M\iy\ and that satisfies |Z — B| < -^^-^ 

Using the following estimate (see [21 p. 68]) : 

\1 - & • Z\ ^ A + \u\ + \v\ + |x - + I?- + - n?^ 
we see that in order to prove (7.1), it suffices to establish 



iy/\N\ 



"3 I "4 
2^2 



CO 



< C{N,a,\) 
\ + 



A + |m| + \v\ + |x - + 1^ - CP + \w' - VP) 

oo ^ 

du f dv f dV{^) 



\N\+1+X 



{i + uY+i J {i + \v\y+^J (1 + |j-e|2)'+t 



dV(0 / -dV(^). 

l + \z-C\T^^ J (l + |w'-^|2)"-i+t 

To finish the proof we only need show that the last two integrals in the last line are 
finite. But this will follow from the following 

Lemma 7.5. For every real numbers a,/3,'y such that 0<7, 0</9<2 and 
< a + P < 2n, there is a constant C := C(n, a, j3, 7) such that 

J := / , dV{0 < C, for all z G C", 

where dV is the Lebesgue measure o/C". 

Proof. Dividing the domain of integration C" of / into the three subsets 
{iCl < t} ' {Kl > 2^1} and |^ < |C| < 2|z|| , we thus divide I into three cor- 
responding terms /i,/2 and Is. We now estimate each of these terms. On the one 
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hand, we have 

/J ! ± (X 
(TTRF)^ ^ (1 + 1;^^)"+^ ■ ' ' ' 

{Kl<^} 

where the second incquaUty holds by applying a variant of Lemma 7.4. On the other 
hand, 

/< / ,yu\ <r f dViO f dViO 

2~ J (l+|C|2)n+7 J \QP ^ ] ICI^ICnl'^ ' 

{|CI>2k|} |CI<i ICI>i 

where the last inequality follows from applying twice a variant of Lemma 7.4. Finally, 

where the last inequality holds by applying twice a variant of Lemma 7.4 and an 
obvious change of variable. The lemma is now proved. □ 

In order to prove Theorem 7.2, we need the following 

Lemma 7.6. There is a constant C — C{n) > 1 such that for all points z, z e H[„, 
there is a smooth curve ^ — z '■ [0' 1] ~^ satisfying 

7(0) = 7(1) = \l{t)\ < max{|2;|, |z'|}, \-i\t)\ < C\z - z \. 

Proof. Suppose without loss of generality that \z\ > \z'\. Wc set z := k'| Then a 

little geometric argument shows that \z — z\ < \z — z'\ and \z — z\ < \z — z'\. Since 
the group SO{n + l, M) acts transitively on 5M„, there exists a curve 71 : [0, 1] — > 1HI„ 
satisfying 

7i(0) = 5, 71(1) = -^', |7i(t)| = k'|, \i'M<C{n)\z! -z\. 

Define 

/ (1 - 2t)z + 2tz, if < f < i; 
^^^')^=l7i(2t-l), ifi<t<l. 

It is easy to sec that for every t 7^ |, the curve 72 (t) satisfies all the properties stated 
in the lemma. To conclude the proof, it suffices to approximate in the curve 72 
by a smooth curve 7. □ 

Proof of Theorem 7.2. We only give the proof for the case g > 1. For every points 
Z,Z e Hjv, consider the smooth curve 

7 = 7z,z' := (7.,.' ,7.,.',7»y) : [0, 1] ^ = x H„ x H„, 

where '^z,z'i1w,w' given by Lemma 7.6 and ^x,xi^) ■~ (^ ~ + ■ Then it 
follows from Lemma 7.6 that there is a constant C := C{N) such that 

7(0) = Z, 7(1) = Z', \j'{t)\ < C\Z-Z'\, Id < max{|^|, \z'\}, \r]\ < max{|«;|, \w'\}, 
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where 6 = (C, C, ??) = 7(^)- Set 

£; := |e e Hjv : I© - ^1 > 2C|Z' - Z|| . 

On the one hand, for © ^ using the definition of A and Theorem 3.1, we check 
easily that 

h / A(©,Z,Z>f \v{e) 

J VICn+l||?7m+l|/ 
Mn\E 

/ I I \ 2? / I I \ 21? 

2(g-l) 



< 

\0-Z\<2C\Z'-Z\ 



I 





2q 




2q 


( m 




■) 




©- 


Z\{2\N\-l)q 




\ Cn+l 





dV{Q) 







Cn+1 


b7m+l 



|e-z'|<3C|z'-z| 

= hl+h2- 

To estimate /n and /12, it suffices to apply part 2) of Theorem 5.6 with i — 
2 and Theorem 6.1 (1). This can be reduced to majorizing In and /12 by 

/ 4,„(©)(il^(©), where 

\e\<c\z-z'\ 

a ((2|iV| - l)q, 2{q - l),2{q - 1), 2{q - l),2{q - 1)) . 

An application of Lemma 7.4 shows that the latter integral is bounded from above 
by C\Z - z'|2|^l+4-(2|^l+%. Hence 

(7.2) Ii<\Z - ^'|2|iV|+4-(2|JV|+%_ 

On the other hand, if © e then for every < t < 1 and 7 := 7^ ^', we have that 
\'y{t) — ©I I© — Z|. Therefore, using the exphcit formula of Bj{Q, Z) and taking 
into account the properties of the curve 7 stated at the beginning of the proof, the 
Mean Value Theorem, applied to the functions of variable Z : \^q_z\2\n\ > shows that 



(7.3)a(©,Z,Z') <|Z-Z'| 



I© - ' 'I© - Z'pi^l 

Proceeding exactly as in estimating In and /12, we get 



(7.4) 



Z-Z 



l + M + M)'" 2{,-i) 





c 


\'l 




Cn+l| 


Wi| 



dV{<d) 



<\Z - ^'|2|A^I+4-(2|JV|+3)g_ 
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Also, 

J \0-zvi' \\M\v,u»\) ^ ' 

E 

<\Z - ^'|2|^l+4-(2|iV|+3)g_ 

Therefore, it foUows from (7.3), (7.4) and (7.5) that 

J \\Cn+l\\Vm+l\ J 

E 

This, combined with estimate (7.2), completes the proof of the theorem. □ 

8. LiPSCHITZ ESTIMATES ON THE COMPLEX MANIFOLD Mjv 

Let M be a function in C^(Mn). For every Z G Mtv, define 

(gradM^w) (Z) :=sup|(/o7)'(0)|, 

where the suprcmum being taken over all smooth curves 7 : [0, 1] — > Mjv such that 
7(0) = Z and |7'(t)| < 1. 

We begin this section with the following Hardy-Littlewood type lemma. 

Lemma 8.1. For every < a < 1, there exists a constant C = C{N,a) with the 
following property: Suppose u G C^{Ml]^) and K is some finite constant such that 

{grad^^u) (Z) <K{1- |Z|)"-^ for all Z G M^. 

Then \u{Z) - u{Z')\ < CK\Z - for all Z, Z' G Mjv. 

Proof. First wc make the following remark : 

Write Z = (x, z,w), Z = {x , z ,w ), X := {x, z), Y := w and X := {x , z ) , 
Y := w . Suppose without loss of generality that \Z \ < \Z\. Then \X ^ + \Y ^ < 

• If\X\ < \X\, by noticing that \ {X ,Y)\ < \Z\, then we write 

\u{Z)-u{Z')\ = \u{X,Y)-u{X',Y')\ < \u{X,Y)-u{X' ,Y)\ + \u{X' ,Y)-u{X' ,Y')\. 

• If < \Y\, by noticing that \(X,Y')\ < \Z\, then we write 

\u{Z)-u{Z')\ = \u{X,Y)-u{X',Y)\ < \u{X,Y)-u{X,Y')\ + \u{X,Y')-u{X'y)\. 

Let Z,Z' be two points of Mat such that < |Z'| < |Z| < 1 and set 5 := |Z — Z'|. 

First assume that d < 1 — \Z\. Applying the previous remark three times, we only 
need prove the lemma in one of the following three cases: 
l)x — x,z — z; 2)x = x,w — w; 3) z = z ,w = w . 

Suppose for example we are in the first In this case, take the 

curve J = Jz z'- According to the hypothesis of the lemma and the properties of the 
curve 7 given in the proof of Theorem 7.2, we have 

(gradM,«) (e) < K5''-\ for all 9 G 7([0, !])• 



(7.5) 



'22 



Z-Z 
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Therefore, 

\u{Z) - u{Z')\ < CK6"~^\Z - Z'\ = CK\Z - 

The remaining cases 1 — \Z\ < 5 <1 — \Z'\ and 1 — \Z'\ < 5 can be checked using 
the same argument as in Lemma 6.4.8 of [16]. □ 

In order to state the main result of this section, we consider, for 1 < p < oo, the 
space 

V 

dV{Q)\ ^II/IIm. <oo 



Cn+l 


2 




2 




2 



|Af|+2 _ 

If / : fjdQj is a (0, l)-form defined in a neighborhood of Mjy in B^r, we set 

\N\+2 

(8-1) II/I|mjv,p ■= ^ ll/jl|Mjv,p- 

Recall that the norm || ||Mivoo defined by formula (2.8). 

Next, for every < a < P < 1 and for X = Mtv or SMat, we define 



r«,^(X) := < / : ||/||a,{x) + sup ||/ o 7||a^([o,i]) = ||/||r,,^(x) < oo 

7eC2(Bjv) 

We can say informally that ra^^(X) is the trace of the non-isotropic Lipchitz space 
^a,i3{^N) (see Definition 1.1 in Krantz |12j) on the manifold X. 

Theorem 8.2. Suppose that u G C^{M.n) and consider a (0, l)-form 

{\N\+2 _ 
E fkdQk, z/iV^ (0,2,2); 

fJCi + f2dC2 + hdv, + Udv,, ifN= (0, 2, 2); 

with coefficients in C{M.n) such that Smat'u = /Imat on Mat. Define T\f on c)Mjv as 
follows: 

• for Ny^ {0,2,2), 



. \N\+2 

iTif){Z):= / Yl 



for N= (0,2,2), 



[i-Q* z)Pk{Q, z) + {i- |engfc(9, z) 
(i-e«z)i^i(i-e«z)2 



2 4 



iTif){z):= I E E ^! ^ * -7 - Q * z) + {i- |ep)Q,,(e, ^)]/.(e)^j^, 

J 1 — 9 • Z Is I 1^1 

where Pk,Qk and Pjk,Qjk are the polynomials given by Theorems 3.3 and 3.6. 
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Then the definition ofTif can be extended to Mjv by setting 
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(8.2) 

where 



JAz) 



{T,f){Z) ■.= ,h{Z) + UZ), 



\N\+2 

J2 Bk{e,z)fk{e) 

k=l 




dV{Q) 

WW 



and the operator Tif satisfies 

Moreover, for every p > 0, we set (as in the statement of Theorem 1.1) 



a = a{N,p) :- 



1 _ |Af|+3 

2 p ' 

1 _ 6 

2 p' 



ifNj^ (0, 2, 2) and p > 2{\N\ + 3); 
ifN= (0,2,2) andp> 12. 



Then there exists a constant C:= C(N,p) such that 
(n) 

Tif\ (SMtv) and WTiflomAr^MdMN) < C'll/lkjv.p, P < oo; 

Tiflam^ e Ti j(aMAr) and \\Tif\gMj\T^^{dMM) < C'II/IImjv,oo' «/p = oo; 



an(i ||Ti/|| 



Ac (Mat) 



<^^ll/lb 



Proof. We only give the proof in the case ^ (0,2,2) and p < oo. The first 
remaining case N = (0,2,2) can be proved in exactly the same way by applying 
Theorem 3.6 instead of Theorem 3.3. The second remaining case p = oo follows 
essentially along the same lines as in our previous work ^18j basing on the work of 
Greiner-Stein [9i]. 

We first introduce two new integral operators T2 and : 



{T2f){Z) 



\N\+2 

E 

k=l 



:i-e*z) 

D(e,z)i^i 



|7V|-2 



■[(i-e.z)Pfc(e,z) + 



(i-|enQ,(G,z)]/,(e) 



dV{@) 

WW 



{T?J){Z) 



\N\+2 

E 

k=l 



:i - 9 » Z)Pfc(9, Z) + {1- |9p)Qfc(9, Z) 
(1-9«Z)I^I(1-9«Z)2 



/.(©) 



dv{e) 
WW 



for all Z eMn- 

Applying Theorem 3.3 to the function u gives that 



(8.3) {T,f){Z) = u{Z) 



-^s \N\ "'y^)' 



(1-Z.9)' 



mv\ 



for all Z G 



UN- 
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Moreover, we note that 

(8.4) (Ti/)(Z) = (T2/)(Z) = (T3/)(Z), for all Z e dM^. 

Arguing as in the proof of Lemma 3.5 in [IS] and using Theorems 5.6, 6.1 and 7.1, 
one can show that 

hm / |(T2/)(e)-(T2/)(r0)|rfa(0) = O. 



Therefore, in view of Remark 3.2, we can apply Theorem 3.1 to the function T2f. 
Next observe that (8.2) is just the Martinelli-Bochner formula. Hence by virtue of 
(8.3), the hypothesis and the fact that -R(0, Z) is holomorphic in the variable Z, we 
obtain 

(8.5) Tif = Ta/lMiv and dm^iTif) = OmnU = /|mjv 

This completes the proof of assertion (i). In view of (8.4), assertion (ii) will follow 
from the following lemma. 

Lemma 8.3. 

iTs/lM^vlIri j{Mjv) < CWfWm^ if p = oo; 

Proof. Using the properties of the polynomials Pk{Q, Z) and (5^(0, Z) in Theorem 
3.3(ii), we see that 

1^^1+2 ^ in - 71 / I i\ / I i\ 

Kgrad T3/)(i;)| < Y. j ' L^ ^ + ^j (i + ^)a(9W9) 



Since |0 — Z| < 2y|l — 6«Z|, this implies by Holder's inequality that 
Kgrad T-if){Z)\ is bounded from above by 



c 



V 



Vrn+l 



dV{Q) 



where q verifies - + - = 1. Now applying Theorem 7.1 yields 

(8.6) Kgrad TMZ)\ < C||/||m,„ (1 - l^l)"^""^ • 

so that by the classical Hardy-Littlewood lemma for the euclidean ball B^v we see 
that 

\inf)iZ) - inf)iZ')\ < C||/||m^J^- ^'1^^^, for all Z,Z' e liv. 
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Therefore, choosing Z' = 0, we obtain 

(8.7) ||T3/|U^(B,) < |(T3/)(0)| + C||/||m.„ < C||/||m.„. 

For every u G C^(Mm), set 

(grad'-u) (Z) := sup |('UO7)(0)|. 

7eC2(B^r): 7(0)=^ 

By the proof Lemma 4.8 in [II], we see that (grad* |1 -Q»Z\) {Z) < C|e - Z\. 
Therefore, a straightforward calculation shows that 



\N\+2 

(grad* Ts/) (Z) < 



k=l 



|Af|+2 
k=l , 



1 



|7V|+1 



ICI 



h{Q)dV{Q). 



|iV|+3 



Hence, arguing as in the proof of (8.6), we see that 

(8.8) (grad* T,f) {Z) < C||/||m,„ (1 - 1^1)""^ 

Combining (8. 6), (8. 7) and (8.8), the lemma follows from Lemma 4.7 in 

To prove assertion (iii), we need the following 
Lemma 8.4. 

I Ji(Z) - Ji(Z')| < C||/||m^,J^ - Z'l^^, for all Z, Z' G M^. 
Proof. Observe that the polynomial A(B, Z) satisfies 



□ 



1 



grad^ 



A{e,z) 



10 -Z 



2|JV| 



< 



1 + M)(i + M) + M 



ICI 



\w\ 



In addition, if we set m = 1 in Theorem 3.1, then we see that 

A(e,Z) da{Q) _ 

|z-e|2i^i |c|2|?7|2 ~ ■ 

Setting Z := rZ\ Z' G 9Mjv, this implies that 

A(0,Z) 



+ 



ICI 



H 



_L ( 1 + N 
' ^ + ICI 



2|Af|-l 



16 -Z 



2|Ar|-l ■ 



(gradM^Ji) {Z) 



< 



grad^ 



\e-z 



2\N\ 



{T,f){Q) - {T,f){Z' 



da{Q) 

WW' 



Combining (8.4) and Lemma 8.3, we obtain 



(Ti/)(e) - {T,f){z') < cii/iiM^je - z'l^^. 
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Hence, 



, 1 \N\+3 



(gradM^^i) (Z) < C||/||m.„ I J le'- rZfl^l'''' '® " Z'\i~^da{Q) 



We shall establish in Proposition 9.4 below that the latter three integrals are domi- 

1 |jV|+3 

nated hj C {1 — \Z\) ^ p . Taking for granted Proposition 9.4, it follows that 

(gradM, Ji) (Z) < C||/||m.„ (1 - 1^1)-^-^ . 
Finally, applying Lemma 8.1 to this gives the desired conclusion. □ 

We now complete the proof of Theorem 8.2. By Holder's inequality and Theorem 
7.2, we have 

J2{Z) - UZ')\ < C||/||m,,J^ - Z'\'-"-^, for aU Z, Z' e M^. 
This, combined with Lemma 8.4 gives that 

(Ti/)(Z) - (Ti/)(Z')| < C||/||m^J^ - Z'l^^, for all Z, Z' e M^r. 
Arguing as in the proof of (8.7), one can show that 

||7i/||loo(m^) < C||/||Miv,p- 

This proves assertion (iii). □ 

9. A Stokes type theorem on the manifold Mjv and applications 
The main result of this section is the following Stokes type theorem : 
Theorem 9.1. Consider for every function v & (Mat) and every real numbers 



X < 2n — 1 and fj, < 2m — 1, the function u given by u{Q) := j^^g:, for © e Mjv- 
Then there is a constant C :— C{N) such that 



uda 



9Mjv 



C j {mgrad^u)m + mgrad^u)m + H\{grad^u)m + |«(e)|) dV{Q). 



< 

Mat 



Remark 9.2. We do not know whether it is possible to establish a theorem of 
reduction of estimates from SM^r to 9B|Ar|, similar to Theorem 5.6. To overcome 
this, we use Theorem 9.1 to estimate difficult integrals taken over 9Mjv by simpler 
ones taken over Mjv and then apply Theorem 5.6. We have already encountered this 
type of integral estimates in the proof of Lemma 8.4. 
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Proof. Set := d^i A . . . Ad^i and 

"n(C) := ^^y]^^ rfCi A... Arfg A... AdCn+i, 

amiv) ■= TtT^ drji A . . . Adrjk A . . . Adr]m+i- 



By Proposition 2.1 in ^8] and Proposition 2.1 above, we see that 

dl^(0 = CdeArfe, rfK(C)= C-ICranlOAa^lOU , 

(9 1) 

dKn(r7) = C|r7|2a„(r/)Aa^(7j)L ; c?y(e) = A dK(C) A 



Next, put 



Up{r]) 



dCiA...Ad^,A...Ad^i, (1<J</); 

rfCi A... A(iCfcA... A(iCn+i, {l<k<n + iy, 

dr]i A ... A drip A ... A drj^+i, (1 < p < m + 1). 



Finally, we define ujjk{C),ujjkiC) {'^ < j,k < n + 1) and ujpq{r]),ujpq{r]) {I < p,q < 
m + 1) in just the same way as LL!pj{z),ujjk{z) in [I5l p. 507-508]. 
Consider the mapping g :]0, +oo[xC'^'+^ — > given by 

gite) := te. 

Using (9.1) and proceeding as in the proof of Lemma 2.1 in [15], we see that 

{9*dV) {t, 6) = t^l^^l-Mt A [Jg A rfK(C) A dVUv) + dViiO A dVM 

+ /, A dViiO A dVniO] + t'i^i(i^(e), 

where 

k ■■= CY^i-ir-'iCpdCAcUpiO+ipCUpiOAd^), 
p=i 

Now set 

(9.3) a;(e) := A dK(C) A dVm{r]) + ^^(0 A dV^v) + U ^ ^^(0 A rfK(C)- 

Since (7 is a diffeomorphism from ]0, +oo[x9Mjv — ^ EIat, it follows from (9.2) and 
(9.3) that 

00 

j u{Q)dV{Q) = J t^l^l"^ j u{te)u{Q), for all u e Co(H^), 

Hjv OMn 
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SO that by Lemma 2.3, we obtain da = CloIqmj^- Therefore, since by the hypothesis 
X < 2n — l, fi < 2m — 1, |m(6)| < |^|;,^^|^ for all e Mat, the homogeneity properties 
of the differential form a;(0) and the same arguments as in the proof of (2.12), (2.13) 
and (2.17) of Proposition 2.5 imply that 



(9.4) 

Stokes theorem gives that 
(9.5) 

We shall estimate J du A 



uda = lim / uu. 



uu = I du Aio + J uduj. 

Mr Mr 

Let Z be a point of M^. Choose j and k with 1 < 



i < n + l<A;<m + lso that in a sufficiently small neighborhood U := tl{Z) in 
Mr, we have 



(9.6) 



101 > JmaxiCpl and \r]k\ > ^max\r]g\. 



By (9.3) and (9.5), we obtain 
(9.7) 



J du Aco 


< 


j duAl^A dVniC) A dVmiv) 


+ 


j du A A dVliO ^ dVmiv) 


u 




u 




u 



+ 



duAlr,AdVi{C) AdVniC) 



u 



We shall estimate for example 



j duAlc_A dVi{Cl A dVm{ri) 



u 



the following identity is implicit in the proof of Lemma 2.1 of [15j : 



. It should be noted that 



(n + 1)^ 



(-iy+lcp 



^jfc(C) 



for 1 < j, < n + 1. 



Therefore, /^|h„ is equal to 



10 



p=i 







n+l 



P3 



(C)Aa„(C) + |CP E 



-1)% 



+icrE 



0- 



13 



p=j+l 
n.+l 

(C)Aa„(C) + |CrE 







■a;jp(C) A an(0 



u;jg(0 Aa„,(C). 



Combining the identity a„(C) = (n + 1)- 



'p(C)) I < p < n + 1, (see formula 
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(2.6) in [15j) and formula (9.1), a straightforward calculation gives that 
duAl^A dViiO A dVmiv) = d^u A A dVi{^) A dVm{r]) 



u 



u 



n+1 



du 



^1 E (i^(-i)%+^(-ir4 + #(-irx + #(-i)"^^-^i^ 



ac, 



n+p-l 

C.7 



By virtue of (9.6), we majorize easily the latter integral and obtain 



du A A dVi{^) A dV„,{r]) 



u 



<C{N) / |C||(grad.«)(e)|dy(e). 



u 



Hence, in view of (9.7), it follows that 



du A 00 



u 



< C{N) / (|e||(grad^«)(e)| + |C||(grad^ii)(e)| + |r/||(grad,w)(e)|) dViQ). 



u 



On the other hand, we can prove in just the same way that 



uduj 



u 



< C{N) / \u\dV. 



u 



These two estimates, combined with (9.4) and (9.5), complete the proof. 
We now present two applications of Theorem 9.1. 



□ 



Proposition 9.3. Let A,ai,a2 real numbers such that < A < 1, and < ai < 

2n, < Q!2 < 2m. Then there exists a constant C := C(A^, A, cei, 0^2) such that for 
every Z e Bat, 



/ 



1 - Z« 



1 ( \A 



l + ri] da{Q) < C [l - \Z\^) 



A-l 



Proof. Applying Theorem 9.1 gives that 

1 



1-Z.0 



|7V|+1-A 



ICI 



\W\ 



da{Q) 



< C 



1 



|i-z«e 

|2\A-1 



< c{i-\zfy 

where the latter inequality follows from Theorem 7.1. 



□ 



The following proposition completes the missing point in the proof of Lemma 8.4 
on page 40. 
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Proposition 9.4. Suppose that < A < 1. Then there is a constant C := C{N,X) 
such that for every < r < 1 and Z e 9Mjv, 



/ 

dMM 



1 + ^) + e 



\e-rz 



|2|iV| 



\Q-Z\^da{Q) < C(l-r 



.A-l 



ICI 



\e-rz 



2\N\- 



j\e-Z\^da(e) <C(l-r) 



A-l 



Proof. We only give the proof of the estimate for I2. Starting from the elementary 
estimate |© — rZ\ ^ (1 — r) + \Q — Z\ for all © e SMjv, we see that 



h < 



ICI 



1 + 



H 
1^1 



[(l-r) + |e-Z| 



l2|7V|- 



:^\& - Z\^da{Q) 



< 



< 



Mjv 



±(l + M 

ICI ^ \v\ 

[(l-r) + |e-z| 



- z\^-^dv{e) 



1 + ^1(1 + ^ 



\w\ 



e- z\^-^dv{e), 



[(l-r) + |e-Z| 



i2|Ar|-l 



IC-^I 



where the last two estimates follow respectively from Theorem 9.1 and the very 
elementary inequality < ^1 + jc^' Hence, by part 3) of Theorem 5.6, the 
latter integral is dominated by CI2, where 



16 -Z 



*2,|iV| 



:i-r) + |©-Z| 



2|Ar|-l 



-dv{e). 



IC-?I 



Dividing the domain of integration of I2 into two regions 

El := |e e B2,|jv| : |© - Z| < 1 - r| and E2 := j© e B2,|jv| : |© - ^| > 1 - r} , 

we thus break I2 into two corresponding terms I21 and l22- We then apply Lemma 
7.4 to estimate each of these terms and obtain 



hi < 



h2 ^ 



(l_^)2|iV|-l J 1^ 



\e-z 



A-l 



-dV{e)<{l-r) 



A-l 



El 

e-z 



A-l 



E2 



z\m\-i\(-z 



■dV{Q)<{l-r) 



A-l 
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In summary, we have 

h <I2 = l2i + I22 < C{1 - r)^-\ 
which completes the proof of the proposition. □ 

10. Proof of the main results 

In this section we prove Theorems 1.1 and 1.2. For this purpose, we first establish 
some preparatory results. 

Consider the holomorphic mapping F/v : Mat — > \ {0} which maps every 
Z = {x, z,w) = {xi, . . . , xi, zi, . . . , Zn+i,wi, . . . , Wm+i) , element of Mat to 

Fn{Z) := Z := (^^, . . . , Zi, . . . , Zn,Wi, . . . ,w„ 

Recall that dV{Q) is the canonical volume form of C'^L It follows from formula 
(5.2) in [IE] and formula (9.1) that 



Cn+l 


2 




2 


mv\ 


2 



(10.1) p p '^^(Q) = C'^v [dV{e)) , for G and 9 = F^(e). 



Proposition 10.1. Consider a d-closed (0, l)-form f of class defined in a neigh- 
borhood ofQ]\f. Then the solution Ti{F^f) given by Theorem 8.2 satisfies 

m(n/))(^) = (Ti(F^/))(z'), 

for all Z, Z' e Mn such that Fn{Z) = Fn{Z'). 

Proof. Suppose that / G Coi(rfiiv) for some r > 1. Since rfl^ is pseudoconvex, 
there exists a function u G C^{il]y) such that du = f in ^In- Therefore, it follows 
from (8.3) and (8.5) that for every Z G M^r, 

{T,{F*^f)){Z) = {no F,,){Z)- ! — 5^^4Ln(«°i^v)(e)-^^^®^ 



Using this and the explicit formula of i?(0, Z), we see that the proof follows. □ 
Theorem 10.2. For every < A < |, there is a constant C := C{N, A) such that 

for all functions u in C{Mlj~^) which are holomorphic in Mjy. 
Proof. Consider the holomorphic function U G H{E>m) defined by 

(10.2) UiZ) := / -J5Jl^«(e)|jia, fo, all Z e B«. 



Applying Theorem 3.3 to the function u yields 

U{Z)=u{Z), forallZGMjv- 
This shows that the theorem will follow from the estimate 
(10.3) ll^llrA,2A(Biv) < C\\u\\a^(qm^}- 
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To prove this, observe by (10.2) and formula (2) in p!Bk Section 6.4.4] that the radial 
derivative {TZU) of U is given by 



{nu){z) 



+ C\C\' + C\v\') {i\v\' + wr])z.C + (ICP + ^ • C)^' • ^) 



(1-Z.0) 



^ Q |>|2| 12 - 
ICI 1^1 



Using this and arguing as in the proof of Theorem 6.4.9 of [16j, it can be shown that 

\m)iz)\ < chiu,(,M.) / 1^1^,,, (i + ^) (i + ^) 



Therefore, by Proposition 9.3, 

\{nU)iZ)\ < C||n||A,(aM^) (1 - IZI'Y'' , for all Z G B^; 

so that by Theorem 6.4.10 of ^Q\, inequality (10.3) follows and the proof is now 
complete. □ 

Theorem 10.3. For every {O,l)-form f and real numbers p,a satisfying the hy- 
pothesis of Theorem 8.2, we have 

Tif e Ta,2a(^N) and ||ri/||r,,2,(Mjv) < C'II/IImjv,p ifP < oo> 
Tif e Ti i{Mn) and ||Ti/||ri (Mjv) < <^||/||mjvoc P = 

2 ■ ^,J- 

where the constant C := C{N,p). 

Proof. Let | < r < 1 and set 

rMN := {Z G Mat : \Z\ < r} and r^M^ := {rZ, Z G ^M^v} . 

Now we define the norm ||/||rMjvp in the same way as ||/||mjvp given in (8.1) by 
substituting the domain of integration M^v by tMat. It is obvious that ||/||rMiv ^ 



Applying Theorem 8.2 to the complex manifold rWl^ gives an integral operator 
Tr that satisfies the following properties : 

(10.4) dMATrf) = f onrM^, 
and 

(10.5) iTrf)\rdMN e r„,2a(r<9MAr) and ||(Tr/)|r9Mjvl|r,,2c{raMjv) < C'I|/||mjv,p- 

Setting 

(10.6) u{Z) := (Ti/)(Z) - {Trf){Z), for all Z G M^, 

Theorem 8.2 and (10.4) imply that u is holomorphic on rdWl^. On the other hand, 
by Theorem 8.2(ii) and (10.5), (10.6), we get 

||^|raMjvl|Aa(r9Mjv) ^ || (^r/) |r9Mjv II Ac,{r9Mjv) + || (^1/) |raMjv II Ac{r9Mjv) < C*! / llwijv.p- 
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Applying Theorem 10.2 to this estimate yields 

||M|r9Mjvl|r„,2a(r9Miv) < CWfWM^^p, 

SO that by (10.5), we get Tif = u + T^f G rQ,^2Q('"<9MAr) and 

™JV,p • 

Since all admissible curves 7 G C1{Mn) such that 7 C Mat lie on some manifold 
tSMtv, the proof of the theorem is now complete. □ 

Proof of Theorem 1.1. Consider first the case where / is a 9-closed (0, l)-form 
of class defined in a neighborhood of ^2^?. The general case will be treated later. 
In view of (8.1) and (10.1), it can be checked that 

(10.7) ||/|U.(n,)=C(iV,p)||F^/||M,„. 

By Proposition 10.1, we can define the 9-solving operator T on VLj^ as 

(10.8) (T/)(Z):=(Ti(n/))(Z), 

for every Z ^VL^q and Z EM.jq such that Fn{Z) = Z. 

Combining Proposition 10.1, Theorem 10.3 and equalities (10.7) and (10.8), we 
see that the operator T satisfies 

(10.9) d{Tf) = f onfijv; 

(10.10) \\F*ATf)\\r^MM.) < CWfhnn^y 



Let Z = {x,z,w) and Z' = {x\z\w') be two elements of Q^. We shall show that 
there exists a constant C := C{N,p) such that 

(10.11) \{Tf)iZ)-iTf){Z^)\<C\\fh.^n^^\Z-Z^r. 

Using the remark made at the beginning of the proof of Lemma 8.1, we only need 
prove (10.11) in one of the following three cases: 

1) X = x' ,z = z' ; 2) X = x' ,w = w' ; 3)z = z\w = w'. 

Consider for example the case x = x',w = w' . In this case, estimate (10.11) 
becomes 

{Tf){x,I,w) - {Tf){x,z',w)\ < C\\f\\Lr>in^)\I- z'^, 

which can be proved by using (10.10) and arguing as in the proof of case 2 in Section 
5 of tlSj. 

It remains to treat the general case. If merely / G Lp{Qn), we can regularize 
/ by convolution with a function of sufficiently small support. Then the same 
limiting argument as in pF, p. 361-362] shows that the conclusion of the theorem 
holds also for such /. This completes the proof of the theorem. □ 



Proof of Theorem 1.2. First suppose that p < 00. We break the proof into 
four cases. In the course of the proof, we shall see that the general case can be 
reduced to one of these four cases. In the sequel, we write for every Z G 
Z = {x,z,w) G C X C" X C'". 
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Case 1: n > 2 and m > 2. 

For every real number Aq such that | < Aq < |, consider two real numbers A, // > 
related by 2;u^ = ^ (| — A) = | — Aq. Let c e C such that |c| < 1, and consider the 
following elements of fl^ '■ 

h,c | 0,...,0,A,zA,Aic,0^_^,^,^,0^0 | ; 

n— 3 m—2 

^Ao,c := I p, Ao,iAo,/ic,0^^_^^^, ^,|,0^^^q 

I n— 3 m—2 

Now we put / duo, where the function uo is given by 

|^3|2 

uo{Z) := ^ |jv|+3 , for all Z e 9.n- 

(l _ Zl : iZ2 _ Wl : iW2 \ 2+ p 

\ 2^2 2^2) 

Then we have 



('] _£i_|_H2_2£i_|_ iw2 \ 
\ 2^2 2^2) 



1 I |JV|+3 
2"'" p 



Suppose that u is a solution of the equation du — f on Qn. Since u — uq is holo- 
morphic on Qjv and Uo{Zxfi) — Mo(^Ao,o) = 0, by Cauchy formula we have 

1 f |n|2 

- / u(Zx,eie)de - u{Zx,o) = r-m+E^ 



27r 

V2 

27r 



i-A) 



(l-Ao)^+ ^ 

If M G Aa+e{^N) for some e > 0, then the difference between the two left hand sides 
is 0(1 A — Ao|"^^). On the other hand, the difference between the two right sides 
is greater than C|A — Ao|°. Letting Aq tend to |, we reach a contradiction. Hence 

U ^ Aa+,(QAr). 

It now remains to check that / G L^~^{flN) for all e > 0. Applying (10.7) and 
using the local coordinates $^ and of Theorem 4.1 with z := (|, |, 0, . ^. , ) G H„ 

n-l 

and w :— {^,^,0, . . . ,0) e H^, it follows that for every e > 0, 



e|^_^|2|^^|2 

h |(p c)(i I i^i+3y^^(^) ' 

where W is a sufficiently small neighborhood of the point (1,0, ... ,0) G C'^' and 
dV{Z) is the Lebesgue measure of C'^L We now explain briefly how the estimate ~ 
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in the latter line could be obtained. Indeed, using the local coordinates $^ and 
the function |Cn+i| (resp. Iry^+il) appearing in the || • IIm^v.p norm in (8.1) becomes 
the function l^sl (resp. \z4\) defined in C'^'. 

By integration in polar coordinates, it is easy to reduce the estimate of the latter 
integral to that of the following one 

dz A dz 



I 



2eC:|l-z|<l 



o e(|JV|+3) 
1 — 2; P 



Prom this integral, we see that / e U'~^{Qn) for all e > 0. This completes the proof 

in the first case. Furthermore, we remark that the method presented here can be 
applied to all domains where N := (ni, . . . , rim) satisfies the condition Um > 2. 

Case 2: / > 1 and n, m > 2. 

Choose Ao,A and /j, as in case 1. Let c e C such that |c| < 1 and consider the 
following points of Qjv : 

>A,c := I ^c,0,..^, A,iA,0^_^^^, ^,^,0^_^0 

-1 n-2 m-2 

Zxo,c := I /^c, 0,^^^^,Ao,zAo,0^^_^^^, ^,^,0^^_^0 

l-l n-2 m-2 

We set / := Ouq, where the function uq is given by 

Uq{Z) := ^ |;v|+3 , for all Z G Qn- 

(-] _£i_|_H2_Hl_|_ ii£z') 2+ p 
\ 2^2 2^2) 

The rest of the proof follows along the same lines as that of case 1. Finally, we 
remark that the method used in this second case works also for all domains fijv 
where N :— (ni, . . . , rim) satisfies the condition rii — l and rim > 1- 
Case 3: I — and n = m = 2. 

For every Aq such that < Aq < let A and /j, be two positive real numbers 

satisfying A*^ = | ~ -^^ ~ 75 ~ c e C such that |c| < 1 and consider the 

following elements of Jl^v 

Zx,c := (/^c, 0, A, iX) , and Zxo,c := (/^c, 0, Aq, iXo) ■ 

We set / := duo, where the function uq is defined by 

1^12 

Uo{Z) := TXTs-i foi" all Z = {zi, Z2, Wi, W2) G Un- 



Proceeding as in the proof of case 1, it can be checked that if a function u satisfies 
du = f then u ^ A^+ei^N), Ve > 0. It now remains to establish that / e L^~'^(Ojv) 
for all e > 0. 
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We first apply (10.7), then use the local coordinates in Theorem 4.1 with 



w := i-^, j G H2, and conclude that for every e > 0, 



wnB4 

Here W is a sufficiently small neighborhood of the point (1,0,0,0) in C'^ and B4 
(resp. dVi^iZy) is the euclidean unit ball (resp. the Lebesgue measure) of C. 

By integration in polar coordinates, the estimate of the latter integral is reduced 
to that of the integral 

dz A (iz 



2eC:|l-z|<l 



2- 

V 



From this integral we conclude that / G L^~'^(f2Ar). The proof of the theorem is 
complete in this third case. It should be noted that this method is applicable to all 
domains where N := (ni, . . . , rim) satisfies the condition rii = ■ ■ ■ = rim = 2. 

Case 4: / = m = and n = 2. 

In this case a(A^, p) = \ — -- Let z be a strongly convex point of the boundary 
c^f^AT. It then follows from the work of Krantz in [13', Section 6] that there exists a 
(0, l)-form / G C°°(U) that satisfies the conclusion of the theorem if f^Tv is replaced 
by U. Here U is an open strongly convex neighborhood of z in fi^v U {2;}. In view 
of [13], we see easily that the form / can be extended to a form of class C°^{Qn) 
satisfying the conclusion of the theorem. The proof is thus complete in this last 
case. 

This argument also shows that the Lipschitz (| + e) -estimates (e > 0) do not hold 
for the case p = 00. This completes the proof of Theorem 1.2. □ 



Finally, we conclude this paper by some remarks and open problems. 

1. It seems to be of some interest to establish the (L^, L'^) type optimal regularity 
for the ^-equation on fl^. 

2. We conjecture that the Lipschitz ^-regularity corresponding to the case p = 00 
in Theorem 1.1 is optimal. More precisely, this regularity can not be improved to 
Lipschitz |. 

3. Does there exist a natural way to define the Nevanlinna class on the non- 
smooth domains Qn and find a related Blaschke type condition that characterizes 
the zeroes of the functions of this class? 
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